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THE MODULI SPACES OF SHEAVES ON K3
SURFACES ARE IRREDUCIBLE SYMPLECTIC
VARIETIES
ARVID PEREGO AND ANTONIO RAPAGNETTA
Abstract. We show that the moduli spaces of sheaves on a pro-
jective K3 surface are irreducible symplectic varieties, and that the
same holds for the fibers of the Albanese map of moduli spaces of
sheaves on an Abelian surface.
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1. Introduction and main results
A holomorphic symplectic form on a complex manifoldX is an every-
where nondegenerate, closed, holomorphic 2´form on X . A complex
manifold admitting a holomorphic symplectic form is called holomor-
phic symplectic manifold. We let hp,0pXq be the dimension of the vector
space H0pX,ΩpXq.
Key words and phrases. moduli spaces of sheaves, K3 surfaces, irreducible sym-
plectic varieties.
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A connected compact Ka¨hler manifold X is an irreducible symplec-
tic manifold if it is holomorphic symplectic, simply connected and
h2,0pXq “ 1. In particular, an irreducible symplectic manifold has
even complex dimension and trivial canonical bundle. For this kind of
manifolds several results are known, namely:
(1) the Z´module H2pX,Zq is free, has a pure weight-two Hodge
structure and a nondegenerate integral quadratic form q of sig-
nature p3, b2pXq ´ 3q, called the Beauville form of X (see [2]);
(2) there is a positive rational number FX , called Fujiki constant
of X , such that for every α P H2pX,Zq we haveż
X
α2n “ FXqpαq
n,
where 2n is the complex dimension of X (see [12]). As a con-
sequence, the Beauville form and the Fujiki constant are defor-
mation invariant;
(3) a Local Torelli Theorem holds: if we let DefpXq be the base of
a Kuranishi family of X and
ΩX :“ tα P PpH
2pX,Cqq | qpαq “ 0, qpα ` αq ą 0u,
there is a holomorphic map p : DefpXq ÝÑ ΩX , called the
period map, which is a local biholomorphism (see again [2]);
(4) a version of a Global Torelli Theorem was shown by Verbit-
sky and Markman: two irreducible symplectic manifolds X and
Y are bimeromorphic if and only if there is a parallel trans-
port operator between H2pX,Zq and H2pY,Zq which is a Hodge
isometry (see [53], [31], [20]).
Irreducible symplectic manifolds are one of the three types of man-
ifolds which are building blocks for compact Ka¨hler manifolds with
numerically trivial canonical bundle. The Bogomolov Decomposition
Theorem asserts that if X is a connected compact Ka¨hler manifold
with numerically trivial canonical bundle, then there is a finite e´tale
cover rX of X such that
rX “ T ˆ nź
i“1
Xi ˆ
mź
j“1
Yj,
where T is a complex torus, the Xi’s are irreducible Calabi-Yau
manifolds (i. e. compact, connected, simply connected manifolds
with trivial canonical bundle and such that H0pXi,Ω
p
Xi
q “ 0 for all
0 ă p ă dimpXiq), and the Yj’s are irreducible symplectic manifolds.
There are very few known deformation classes of irreducible sym-
plectic manifolds, namely:
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(1) a compact, connected smooth complex surface is an irreducible
symplectic manifold if and only if it is a K3 surface;
(2) if S is a K3 surface and n P N, n ě 2, the Hilbert scheme
HilbnpSq of n points on S is an irreducible symplectic manifold
of dimension 2n and second Betti number 23 (see [2], The´ore`me
3 and Proposition 6);
(3) if T is a 2´dimensional complex torus and n P N, n ě 2, then
the fibers KumnpT q of the sum morphism Hilbn`1pT q ÝÑ T
are irreducible symplectic manifolds of dimension 2n and second
Betti number 7 (see [2], The´ore`me 4 and Proposition 8);
(4) there are two more deformation classes: OG6, in dimension 6
and with second Betti number 8, and OG10, in dimension 10
and with second Betti number 24 (see [42], [43] and [48]).
A possible way to obtain new examples of varieties behaving like
irreducible symplectic manifolds is to enlarge the family of varieties we
are considering by including singular varieties. This is a very natural
step, in particular in view of the Minimal Model Program.
Indeed, ifX is a connected complex projective manifold with κpXq “
0, if the MMP works for X then it produces a birational map X 99K Y ,
where Y has terminal singularities and nef canonical divisor. Assuming
the abundance conjecture, we get that a multiple of KY is trivial. In
conclusion, in the classification of projective varieties whose Kodaira
dimension is 0 it is then central to extend the Bogomolov decomposition
to normal projective varieties having terminal singularities and torsion
(i. e. numerically trivial by Theorem 8.2 of [24]) canonical divisor.
1.1. Bogomolov decomposition in the singular setting. In order
to state the Bogomolov decomposition in the singular projective set-
ting, we need to introduce the singular analogues of irreducible Calabi-
Yau and symplectic manifolds. Before doing this, we introduce the
following notation: if X is a normal variety and Xreg is the smooth
locus of X whose open embedding in X is j : Xreg ÝÑ X , for every
p P N such that 0 ď p ď dimpXq we let
Ω
rps
X :“ j˚Ω
p
Xreg
“
`
^p ΩX
˘˚˚
,
whose global sections are called reflexive p´forms on X . A reflexive
p´form on X is then a holomorphic p´form on Xreg.
If f : Y ÝÑ X is a finite, dominant morphism between two irre-
ducible normal varieties, then there is a morphism of reflexive sheaves
f˚Ω
rps
X ÝÑ Ω
rps
Y , induced by the usual pull-back morphism of forms on
the smooth loci, giving a morphism f r˚s : H0pX,Ω
rps
X q ÝÑ H
0pY,Ω
rps
Y q,
called reflexive pull-back morphism.
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We first recall the definitions of symplectic form and symplectic va-
riety (see [3]).
Definition 1.1. Let X be a normal variety.
(1) A symplectic form on X is a closed reflexive 2´form σ on X
which is non-degenerate at each point of Xreg.
(2) If σ is a symplectic form on X , the pair pX, σq is a symplectic
variety if for every resolution f : rX ÝÑ X of the singularities
of X , the holomorphic symplectic form σreg :“ σ|Xreg extends
to a holomorphic 2´form on rX .
(3) If pX, σq is a symplectic variety and f : rX ÝÑ X is a resolution
of the singularities over which σreg extends to a holomorphic
symplectic form, we say that f is a symplectic resolution.
A symplectic variety has canonical, and hence rational, singularities,
and trivial canonical bundle. Conversely, by Theorem 6 of [38] a normal
variety having rational Gorenstein singularities and whose regular locus
carries a holomorphic symplectic form is a symplectic variety.
Moreover, a normal variety having a symplectic form and whose
singular locus has codimension at least 4 is a symplectic variety (see
[10]), and a symplectic variety has terminal singularities if and only if
its singular locus has codimension at least 4 (Corollary 1 of [36]).
We now define irreducible Calabi-Yau and irreducible symplectic va-
rieties following [17]. If X and Y are two irreducible normal projective
varieties, a finite quasi-e´tale morphism f : Y ÝÑ X is a finite mor-
phism which is e´tale in codimension one.
Definition 1.2. Let X be an irreducible normal projective variety
with trivial canonical divisor and canonical singularities, of dimension
d ě 2.
(1) The variety X is irreducible Calabi-Yau if for every 0 ă p ă d
and for every finite quasi-e´tale morphism Y ÝÑ X , we have
H0pY,Ω
rps
Y q “ 0.
(2) The variety X is irreducible symplectic if it has a symplectic
form σ P H0pX,Ω
r2s
X q, and for every finite quasi-e´tale morphism
f : Y ÝÑ X the exterior algebra of reflexive forms on Y is
spanned by f r˚sσ.
Remark 1.3. An irreducible normal projective variety X of dimension
n has rational singularities and trivial canonical divisor if and only
if it has rational Gorenstein singularities and admits a holomorphic
2n´form which does not vanish at every p P Xreg (see Corollary 5.24
of [28]).
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Remark 1.4. If X is a normal projective variety, by definition of Ω
rps
X
we have H0pX,Ω
rps
X q “ H
0pXreg,Ω
p
Xreg
q. Greb, Kebekus, Kova´cs and
Peternell prove in Theorem 1.4 of [16] that if X is a quasi-projective
variety with klt singularities and π : rX ÝÑ X is a log-resolution,
then for every p P N such that 0 ď p ď dimpXq the sheaf π˚Ω
prX is
reflexive. This implies in particular (see Observation 1.3 therein) that
H0pX,Ω
rps
X q » H
0p rX,ΩprXq.
The definition of irreducible symplectic variety is motivated by the
description of the algebra of holomorphic forms of an irreducible sym-
plectic manifold, which is spanned by a holomorphic symplectic form.
By Proposition A.1 of [22], a smooth irreducible symplectic variety is
an irreducible symplectic manifold. Moreover, by Corollary 13.3 of [15]
an irreducible symplectic variety X is simply connected. In particular,
the Z´module H2pX,Zq is free.
Remark 1.5. A stronger definition of irreducible symplectic and
Calabi-Yau varieties avoiding finite quasi-e´tale covers could be obtained
by replacing the condition about finite quasi-e´tale morphisms with the
condition that the fundamental group of the regular locus is trivial (see
also section 1.4 of [15]).
Remark 1.6. If an irreducible symplectic variety X admits a symplec-
tic resolution Y , then Y is an irreducible symplectic manifold. Indeed
as the singularities of X are canonical (and hence klt), by [52] we have
π1pXq » π1pY q. By Corollary 13.3 of [15] we know that X is simply
connected, hence Y is simply connected. Finally, by Theorem 1.4 of
[16] we have h0pY,Ω2Y q “ h
0pX,Ω
r2s
X q, which is 1 as X is an irreducible
symplectic variety.
Definition 1.2 proves to be the good one in view of the Bogomolov
decomposition theorem in the singular projective setting. Ho¨ring and
Peternell (see Theorem 1.5 of [18]) show that if X is an irreducible
normal projective variety with terminal singularities (or more generally
with klt singularities and smooth in codimension 2) and has numerically
trivial canonical bundle, then it admits a finite quasi-e´tale cover rX such
that rX “ T ˆ nź
i“1
Xi ˆ
mź
j“1
Yj,
where T is a complex torus, theXi’s are irreducible Calabi-Yau varieties
and the Yj’s are irreducible symplectic varieties, and the Xi’s and the
Yj’s have terminal singularities (see Proposition 5.20 of [28]).
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The proof of the Bogomolov decomposition theorem in the singular
projective setting stated in [18] consists of three major parts: one is the
holonomy decomposition obtained by Greb, Guenancia and Kebekus in
[15]; a second one is an algebraic integrability theorem of Druel, proved
in [6]; the final ingredient is Theorem 1.1 of [18]. Less general versions
of the Bogomolov decomposition theorem in the projective singular
setting were previously obtained in [17], [6] and [7].
Remark 1.7. Motivated by Remark 1.5, it is natural to ask whether
π1pXregq of an irreducible symplectic or Calabi-Yau variety X is finite.
If this holds true, it would then be natural to define irreducible sym-
plectic and Calabi-Yau varieties as proposed in Remark 1.5. Theorem
1.5 of [18] would still hold under these stronger definitions.
Moreover, it would give a strong constraint on π1pXregq for a con-
nected projective variety X having terminal singularities and trivial
canonical bundle (in analogy to that given by the Bogomolov decom-
position theorem on π1pXq for a projective manifold X with trivial
canonical bundle).
All the examples of irreducible symplectic varieties we present in this
paper have smooth locus with finite fundamental group.
1.2. Beauville form for irreducible symplectic varieties. An-
other class of varieties appearing in the literature is the following, mo-
tivated by the work of Namikawa, in particular by [38] and [39] (see
[51], [25]).
Definition 1.8. A connected projective symplectic variety pX, σq is a
Namikawa symplectic variety if h1pX,OXq “ 0 and h
0pX,Ω
r2s
X q “ 1.
A first example of Namikawa symplectic varieties is that of projec-
tive symplectic varieties having a symplectic resolution which is an
irreducible symplectic manifold, as the following shows:
Proposition 1.9. If X is a connected projective symplectic variety
admitting a symplectic resolution of the singularities which is an irre-
ducible symplectic manifold, then X is a Namikawa symplectic variety.
Proof. Let rX ÝÑ X be a symplectic resolution where rX is an ir-
reducible symplectic manifold. As X has canonical (and hence klt)
singularities, by Theorem 1.4 of [16] we get
h0pX,Ω
r2s
X q “ h
0p rX,Ω2rXq “ 1,
where the last equality follows from rX being irreducible symplectic.
Moreover, as X has rational singularities we have
h1pX,OXq “ h
1p rX,O rXq “ 0,
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where the last equality follows again from the fact that rX is irreducible
symplectic (and hence smooth, projective and simply connected). 
A second example of Namikawa symplectic varieties is that of irre-
ducible symplectic varieties, as the following shows:
Proposition 1.10. An irreducible symplectic variety is a Namikawa
symplectic variety.
Proof. If X is an irreducible symplectic variety, we need to prove that
X is a symplectic variety with h1pX,OXq “ 0 and h
0pX,Ω
r2s
X q “ 1. The
fact that h0pX,Ω
r2s
X q “ 1 is immediate from the definition of irreducible
symplectic variety.
Moreover, as X has canonical singularities and trivial canonical bun-
dle, it has rational Gorenstein singularities. As it carries a holomorphic
symplectic form on its regular locus, by Theorem 6 of [38] it follows
that X is a symplectic variety.
Finally, let f : rX ÝÑ X be a smooth projective resolution of the
singularities. Then we have the following chain of equalities:
h1pX,OXq “ h
1p rX,O rXq as X has rational singularities
“ h0p rX,Ω1rXq as rX is smooth projective
“ h0pX,Ω
r1s
X q by Theorem 1.4 of [16] since X is klt
“ 0 as X is irreducible symplectic
thus concluding the proof. 
Remark 1.11. In particular, an irreducible symplectic variety is a
symplectic variety, and in general it does not admit any symplectic
resolution (this is the case, as instance, of many of the examples we
present in this paper). In particular, a Namikawa symplectic variety
does not in general have a symplectic resolution.
A Namikawa symplectic variety is not necessarily an irreducible sym-
plectic variety, as the following examples show.
Example 1.12. The m´th symmetric product Y “ SymmpXq of a
projective K3 surface X is a Namikawa symplectic variety. Indeed, it
is a symplectic variety having Z “ HilbmpXq as a resolution of the
singularities, hence Y is Namikawa symplectic by Proposition 1.9.
Anyway, Y has a finite quasi-e´tale cover f : Xm ÝÑ Y , and the exte-
rior algebra of reflexive forms on Xm is not generated by any reflexive
2´form if m ą 1. It follows that Y is not irreducible symplectic.
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Example 1.13. Let A be an Abelian surface, m ě 2 an integer and
Y “ SymmpAq. We let f : Am ÝÑ A and f : Y ÝÑ A be the sum mor-
phisms, and set Am0 :“ f
´1p0q and Y0 :“ f
´1
p0q. We know that Y and
Y0 are symplectic varieties, and Z :“ Hilb
mpAq and Z0 :“ Kum
m´1pAq
are their respective symplectic resolutions. By Proposition 1.9 it fol-
lows that Y0 is a Namikawa symplectic variety.
Anyway, Y0 has a finite quasi-e´tale cover π0 : A
m
0 ÝÑ Y0, and we
have Am0 » A
m´1. Hence the algebra of reflexive forms on Am0 is not
generated by any reflexive 2´form, so Y0 is not irreducible symplectic.
Namikawa symplectic varieties share many features with irreducible
symplectic manifolds. A first case showing this is given by a symplectic
variety X admitting a symplectic resolution f : Y ÝÑ X which is an
irreducible symplectic manifold. Then f˚ : H2pX,Zq ÝÑ H2pY,Zq is
an inclusion of mixed Hodge structures, since X has rational singu-
larities: the Z´module H2pX,Zq is then free, has a pure weight-two
Hodge structure and a nondegenerate integral quadratic form of sig-
nature p3, b2pXq ´ 3q. Bakker and Lehn proved in [1] a Local and a
Global Torelli Theorem in this situation.
As already seen before, as a consequence of the MMP we are more
interested in symplectic varieties having terminal singularities (hence
with no symplectic resolutions). By Corollary 1 of [36], a Namikawa
symplectic variety X which is Q´factorial has terminal singularities
if and only if its singular locus has codimension at least 4. For a
Namikawa symplectic variety X of this type the following results hold:
(1) the (free part of the) Z´module H2pX,Zq has a pure weight-
two Hodge structure and a non-degenerate quadratic form q of
signature p3, b2pXq´3q, called the Beauville form of X (see [38]
and [39]).
(2) the deformations of X are unobstructed and locally trivial (see
[36] and [37]);
(3) there is a positive rational number FX , called Fujiki constant
of X , verifying the same equality as the Fujiki constant of an
irreducible symplectic manifold (see [51]). As a consequence,
the Beauville form and the Fujiki constant are deformation in-
variant;
(4) a Local Torelli Theorem holds (see Theorem 8 of [38]).
The case of Namikawa symplectic varieties having terminal singular-
ities but which are not Q´factorial has been studied in [25].
Remark 1.14. By the Theorem of [36], the singular locus of a con-
nected symplectic variety cannot have any irreducible component of
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codimension 3, hence either the singular locus has codimension at least
4, or it has a component of codimension 2.
1.3. Notation and main results of the paper. The aim of the
present paper is to provide families of irreducible symplectic varieties
using moduli spaces of sheaves on K3 or Abelian surfaces.
The result we get, which will be stated precisely in this section, shows
that for generic polarizations a moduli space of semistable sheaves on
a projective K3 surface is an irreducible symplectic variety, with the
only exception of symmetric products of K3 surfaces.
Similarly, and always for generic polarizations, the fibers of the Al-
banese morphism of a moduli space of semistable sheaves on an Abelian
surface are irreducible symplectic varieties, unless the moduli space is
a symmetric product of Abelian surfaces.
In particular, we get a finite number of deformation classes of irre-
ducible symplectic varieties in each dimension.
In the following, S will denote a projective K3 surface or an Abelian
surface, and we let ǫpSq :“ 1 if S is K3, and 0 if S is Abelian. We will
denote ρpSq the rank of the Ne´ron-Severi group NSpSq of S.
An element v P rHpS,Zq :“ H2˚pS,Zq will be written v “ pv0, v1, v2q,
where vi P H
2ipS,Zq, and v0, v2 P Z. It will be called Mukai vector if
v0 ě 0, v1 P NSpSq and if v0 “ 0, then either v1 is the first Chern class
of an effective divisor, or v1 “ 0 and v2 ą 0.
Recall that rHpS,Zq has a pure weight-two Hodge structure and a
lattice structure with respect to the Mukai pairing p., .q (see [21], Defi-
nitions 6.1.5 and 6.1.11). We let v2 :“ pv, vq for every Mukai vector v,
and we call rHpS,Zq the Mukai lattice of S.
If F is a coherent sheaf on S, we define its Mukai vector as
vpF q :“ chpF q
a
tdpSq “ prkpF q, c1pF q, ch2pF q ` ǫpSqrkpF qq.
Let now v be a Mukai vector on S and suppose that H is a v´generic
polarization (see section 2.1 for the definition). We write MvpS,Hq
(resp. Msv pS,Hq) for the moduli space of Gieseker H´semistable (resp.
H´stable) sheaves on S with Mukai vector v. If S is Abelian and
v2 ą 0, we have a dominant isotrivial fibration av : MvpS,Hq ÝÑ Sˆ pS
(see section 4.1 of [56]), where pS is the dual of S. We let KvpS,Hq :“
a´1v p0S,OSq, and K
s
vpS,Hq :“ KvpS,Hq XM
s
v pS,Hq. If no confusion
on S and H is possible, we drop them from the notation.
We write v “ mw, where m P N and w is a primitive Mukai vector
on S. If Msv ‰ H, then it is a holomorphic symplectic quasi-projective
manifold of dimension v2 ` 2 (see [33]).
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If m “ 1 and S is K3, then Msv ‰ H if and only if v
2 ě ´2 (see
Theorem 0.1 of [55]). If S is Abelian, then Msv ‰ H if and only if
v2 ě 0 (see Theorem 0.1 of [56], and compare with section 2.4 of [23]).
If w2 ą 0, then Mv and Kv are normal, irreducible projective varieties
(see Theorem 4.4 of [23] and Remark A.1 of [46]).
We introduce the following definition (we let N˚ :“ Nzt0u):
Definition 1.15. Let S be a projective K3 or Abelian surface, v a
Mukai vector, H an ample divisor on S and m, k P N˚. We say that
pS, v,Hq is an pm, kq´triple if the following conditions are verified:
(1) the polarization H is primitive and v´generic;
(2) we have v “ mw, where w is primitive and w2 “ 2k;
(3) if w “ p0, w1, w2q and ρpSq ą 1, then w2 ‰ 0.
If pS, v,Hq is an pm, kq´triple, then Mv is a nonempty, irreducible,
normal projective variety of dimension 2m2k ` 2 (see Theorem 4.4
of [23]), which is symplectic and whose regular locus is Msv . If S is
Abelian and pm, kq ‰ p1, 1q, then Kv is a nonempty, irreducible, normal
projective variety of dimension 2m2k´2, which is symplectic and whose
regular locus is Ksv . If pm, kq “ p1, 1q, then Mv is isomorphic to the
Abelian 4´fold S ˆ pS and Kv is just a point.
Remark 1.16. In the definition of pm, kq´triple we excluded k ď 0,
but we have a precise description of Mv in this case.
(1) If k ă 0 and S is K3, then Mv is either empty (if k ă ´1) or a
point (if k “ ´1, see [34]).
(2) If k ă 0 and S is Abelian, then Mv “ H (see [56]).
(3) If k “ 0 and S is K3, then Mw is a K3 surface (see [34]) and
Mv » Sym
mpMwq (see section 1 of [23]). If m ě 2, then Mv
is a Namikawa symplectic variety which is not irreducible sym-
plectic (see Example 1.12).
(4) If k “ 0 and S is Abelian, then Mw is an Abelian surface (see
[34]) and Mv » Sym
mpMwq (see section 1 of [23]). Then Mv
is not Namikawa symplectic since h0,1pMvq ‰ 0, and the fiber
of the sum morphism SymmpMwq ÝÑ Mw is a point (if m “
1) or a Namikawa symplectic variety which is not irreducible
symplectic (if m ě 2, see Example 1.13).
The first result we will prove is the following:
Theorem 1.17. Let m, k P N˚, and let pS1, v1, H1q and pS2, v2, H2q be
two pm, kq´triples.
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(1) If S1 and S2 are both K3 surfaces or both Abelian surfaces, then
Mv1 and Mv2 are deformation equivalent, and the deformation
is locally trivial.
(2) If S1 and S2 are two Abelian surfaces, then Kv1 and Kv2 are
deformation equivalent, and the deformation is locally trivial.
Remark 1.18. The deformation relating Mv1 and Mv2 in Theorem
1.17 is obtained using only deformations of the moduli spaces along
curves (induced by deformations of the corresponding pm, kq´triples:
see section 2.3 for the definition), and isomorphisms between moduli
spaces induced by Fourier-Mukai transforms.
As a consequence of Theorem 1.17 we get a single deformation class
for every pair pm, kq. The proof of Theorem 1.17 is the content of
section 2 of the present paper.
For m “ 1, Theorem 1.17 is due to several authors (see [33], [2], [41],
[55], [56]). For p2, 1q´triples, the proof of Theorem 1.17 is contained
in [45].
The deformation equivalence in point (1) of Theorem 1.17 is basi-
cally due to Yoshioka: for Mukai vectors with positive rank, this is
Proposition 3.6 of [58]; the rank 0 case is not explicitly stated, but
can be obtained as in Corollary 3.5 of [59]. Since it is an important
result which plays a central role in our paper, we decided to include
a complete proof. The local triviality of the deformation follows from
the Main Theorem of [37].
Yoshioka’s original proof of the deformation equivalence involves two
main technical tools: deformations of K3 or Abelian surfaces inducing
deformations of the moduli spaces, and Fourier-Mukai transforms. As
a by-product of his proof one gets non-emptyness and normality of the
moduli spaces. Based on his proof of the deformation equivalence of the
moduli spaces, and using a different argument to deal with particular
cases, Yoshioka proves also their irreducibility (see Theorem 3.18 of
[58]).
The proof of point (1) of Theorem 1.17 we propose is a re-elaborated
version of Yoshioka’s proof, that we tried to keep as elementary as pos-
sible. It uses the same technical tools together with Theorem 4.4 of [23],
which proves the irreducibility and the normality of the moduli spaces
independently of [58] and [59] (and which implies the irreducibility and
the normality of the Kv’s, as shown in Remark A.1 of [46]).
We remark that the proof of Theorem 4.4 of [23] uses the fact that if
v is primitive and v2 ě 0, then Mv ‰ H, that was proved by Yoshioka
in [55] and [56], independently of [58] and [59] (compare with section
2.4 of [23]).
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The use of Theorem 4.4 of [23] allows us to minimize the technical
tools involved in the proof of the deformation equivalence of moduli
spaces: the only Fourier-Mukai transforms we will use are those cor-
responding to tensorization with line bundles, the one whose kernel is
the ideal of the diagonal (for K3 surfaces), and the one whose kernel is
the Poincare´ bundle (for Abelian surfaces), and we only need to check
the preservation of the semistability under these functors in the most
natural direction (see section 2.4).
The aim of section 3 is to show the following, which is the main
result of this paper:
Theorem 1.19. Let m, k P N˚ and pS, v,Hq be an pm, kq´triple.
(1) If S is K3, then Mv is an irreducible symplectic variety.
(2) If S is Abelian and pm, kq ‰ p1, 1q, then Kv is an irreducible
symplectic variety.
Remark 1.20. If S is K3 and k ď 0, then the only case in which
Mv is an irreducible symplectic variety is when m “ 1 and k “ 0, in
which case Mv is a K3 surface. In all other cases Mv is either empty,
or a point, or a Namikawa symplectic variety which is not irreducible
symplectic (see Remark 1.16). If S is Abelian and k ď 0, then the
analogue of Kv in this case is not irreducible symplectic (see again
Remark 1.16). If m “ k “ 1, then Kv is just a point.
Remark 1.21. Theorem 1.19 provides an answer to Question 14.10
of [15]. Together with Remark 1.16 it says that all moduli spaces
of sheaves on a projective K3 surface (and all the fibers of the Al-
banese morphism of moduli spaces of sheaves on Abelian surfaces) are
irreducible symplectic varieties, with the only exception of symmetric
products. Moreover, we have the following cases:
(1) if S is K3, then Mv is smooth if and only if m “ 1 (and in
this case it is deformation equivalent to Hilbk`1pSq). If S is
Abelian, then Kv is smooth if and only if m “ 1 (moreover, if
k “ 1 it is just a point, if k “ 2 it is a K3 surface, and if k ě 3
it is deformation equivalent to Kumk´1pSq);
(2) if S is K3, then Mv has a symplectic resolution if and only if
pm, kq “ p2, 1q (which is deformation equivalent to OG10). If S
is Abelian, then Kv has a symplectic resolution if and only if
pm, kq “ p2, 1q (which is deformation equivalent OG6);
(3) in all other cases Mv and Kv have terminal singularities.
The proof of Theorem 1.19 uses Theorem 1.17 to reduce to a surface
S such that NSpSq “ Z ¨h, where h is the first Chern class of an ample
divisor H with H2 “ 2k. Taking v “ mp0, h, 0q, if S is a K3 surface
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we show that Mv and M
s
v are simply connected; if S is Abelian, we
show that Kv and K
s
v are simply connected (if pm, kq ‰ p2, 1q). We
then calculate the numbers h0pMv,Ω
rps
Mv
q and h0pKv,Ω
rps
Kv
q by comparing
them with h0pMv1 ,Ω
p
Mv1
q and h0pKv1 ,Ω
p
Kv1
q where v1 is the primitive
Mukai vector v1 “ p0, mh, 1´m2kq.
Remark 1.22. The irreducible symplectic varieties we get with Theo-
rem 1.19 have all simply connected smooth locus, up to one exception,
namely when S is an Abelian surface and pm, kq “ p2, 1q: in this case
the fundamental group of Ksv is Z{2Z (see section 4 of [32], or Theorem
3.7). In any case, all the irreducible symplectic varieties we obtain have
smooth locus with finite fundamental group.
As a corollary of Theorem 1.19, by [38] and [39] one concludes the
following (see the discussion after Remark 1.6):
Theorem 1.23. Let m, k P N˚ and pS, v,Hq an pm, kq´triple.
(1) If S is K3, on H2pMv,Zq there is a nondegenerate integral qua-
dratic form of signature p3, b2pMvq ´ 3q and a compatible pure
weight-two Hodge structure.
(2) If S is Abelian and pm, kq ‰ p1, 1q, on H2pKv,Zq there is a
nondegenerate integral quadratic form of signature p3, b2pKvq ´
3q and a compatible pure weight-two Hodge structure.
For p1, kq´triples this follows from the fact that Mv and Kv are irre-
ducible symplectic manifolds. For p2, 1q´triples this is a consequence
of the fact that Mv and Kv have a symplectic resolution (see Remark
1.6 and [45]).
In both cases there is a Hodge isometry between vK and H2pMv,Zq
if S is K3, and a Hodge isometry between vK and H2pKv,Zq if S is
Abelian (see [41], [55], [56], [45]).
Remark 1.24. A natural question is if the same holds for every
pm, kq´triple. We will come back to this problem in a forthcoming
paper.
2. Deformations of moduli spaces
In this section we study how moduli spaces vary under deformations
and isomorphisms. In section 2.1 we recall the notions of v´generic po-
larizations, v´walls and v´chambers. section 2.2 is devoted to the mor-
phism av in the case of Abelian surfaces. In section 2.3 we introduce de-
formations of moduli spaces induced by deformations of pm, kq´triples
along smooth, connected curves. In section 2.4 we study isomorphisms
between moduli spaces coming from Fourier-Mukai transforms.
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Section 2.5 is devoted to the proof of Theorem 1.17, which is the
main result of this chapter. Our proof of Theorem 1.17 is heavily
based on Theorem 4.4 of [23] which asserts that if H is v´generic,
then the moduli space MvpS,Hq is a normal, irreducible projective
variety of expected dimension. Theorem 4.4 of [23] is based on the
non-emptyness of moduli spaces of sheaves for generic polarizations
and primitive Mukai vectors of positive square (Theorems 0.1 and 8.1
of [56], compare with section 2.4 of [23]).
These assumptions could be avoided (following Yoshioka) using The-
orem 1.17 of [33] and stronger versions of Lemmas 2.22, 2.24, 2.25 and
2.26 (see Remarks 2.16 and 2.27).
2.1. Generic polarizations. In what follows, S will always denote a
projective K3 or Abelian surface, and v “ pv0, v1, v2q a Mukai vector
on S. We will furthermore suppose that when ρpSq ą 1, if v0 “ 0 then
v2 ‰ 0 (the case of v “ p0, v1, 0q will be briefly discussed in Remark 2.6
and Example 2.7).
We associate to each Mukai vector v of this form a set Wv of divisors
on S, whose definition depends on v0: the case v0 ą 0 will be different
than the case v0 “ 0.
If v0 ą 0, we let
|v| “
v20
4
pv, vq `
v
2ǫpSq`2
0
2
.
The rational number |v| only depends on v0 and v
2. If |v| ą 0, we
define
Wv :“ tD P NSpSq | ´ |v| ď D
2 ă 0u,
and we let Wv :“ H if |v| “ 0. We notice that if v “ mw for m P N
˚
and w is a primitive Mukai vector such that w2 “ 2k ą 0, then |v| ą 0.
If v0 “ 0, for every pure sheaf E of Mukai vector v, and F Ď E of
Mukai vector u “ p0, u1, u2q, the divisor associated to the pair pE ,F q
is defined as D :“ u2v1 ´ v2u1. The set Wv will then be the set of the
non-numerically trivial divisors associated to all the possible pairs of
this type.
A primitive ample divisor H on S will be called polarization1. The
setWv is used to define the notion of v´generic polarizations as follows:
Definition 2.1. A polarization H is v´generic if H ¨D ‰ 0 for every
D PWv.
1By a slight abuse of notation, the line bundle OSpHq will be usually denoted
H , and will still be called polarization.
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If ρpSq “ 1, then the ample generator of the Picard group of S is
v´generic for every v. If ρpSq ě 2, there can be polarizations which
are not v´generic, and to characterize them we introduce v´walls and
v´chambers. We let AmppSq be the ample cone of S.
Definition 2.2. If D P Wv, the v´wall associated to D is
DK :“ tα P AmppSq |D ¨ α “ 0u.
The v´wall associated to D P Wv is a hyperplane in AmppSq. If
v0 ą 0, by Theorem 4.C.2 of [21] the set of v´walls is locally finite in
AmppSq. If v0 “ 0, it is even finite (see section 1.4 of [56]).
Definition 2.3. Suppose that ρpSq ě 2. A connected component of
AmppSqz
Ť
DPWv
DK is called v´chamber.
By definition, a polarization is v´generic if and only if it lies in a
v´chamber.
Remark 2.4. If H is v´generic and F is an H´semistable sheaf with
Mukai vector v, then any H´destabilizing subsheaf of F has Mukai
vector of the form pv for some p P Q. In particular, if v is primitive
and H is v´generic, any H´semistable sheaf of Mukai vector v is
H´stable (compare section 2.4 of [23]).
An important property of generic polarizations is that changing po-
larization inside a v´chamber does not affect the moduli space. More
precisely, we have the following (see [47], or section 4.C in [21]):
Proposition 2.5. Suppose that ρpSq ě 2 and that v is a Mukai
vector on S. Let C be a v´chamber, and suppose that H,H 1 P C.
A sheaf E of Mukai vector v is H´(semi)stable if and only if it
is H 1´(semi)stable. As a consequence, we have natural identifica-
tions MvpS,Hq “ MvpS,H
1q, Msv pS,Hq “ M
s
v pS,H
1q, KvpS,Hq “
KvpS,H
1q and KsvpS,Hq “ K
s
vpS,H
1q.
Remark 2.6. The definition of v´generic polarization makes perfect
sense for Mukai vectors of type v “ p0, v1, 0q, but it is not well-adapted
to our goals. Indeed, if v “ p0, v1, 0q, by defining Wv as before we see
that D P Wv is of the form D “ bv1 for some b ‰ 0. As v1 is the first
Chern class of an effective divisor, we get H ¨ D ‰ 0 for all D P Wv,
and hence every polarization would be v´generic.
Now, the definition of v´genericity is motivated by the fact that if v
is a primitive Mukai vector and H is v´generic, then a H´semistable
sheaf with Mukai vector v is H´stable: this holds if v “ p0, v1, v2q
where v2 ‰ 0, or if v “ p0, v1, 0q and ρpSq “ 1 (as a consequence of
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Remark 2.4), but it is no longer true if v “ p0, v1, 0q and ρpSq ě 2 as
the following example (due to Yoshioka) shows.
Example 2.7. Let S be an elliptic K3 surface withNSpSq “ Z¨σ‘Z¨f ,
where σ is the class of a section Σ and f is the class of a fiber F . We
consider the primitive Mukai vector v “ p0, σ`f, 0q on S, and we let jΣ
and jF be the inclusions of Σ and F in S respectively. Moreover, letN P
Pic´1pΣq andM P Pic0pF q: the sheaves jΣ˚N and jF˚M are H´stable
with respect to any polarization H , and we have vpjΣ˚Nq “ p0, σ, 0q
and vpjF˚Mq “ p0, f, 0q. The sheaf jΣ˚N‘jF˚M is then H´semistable
of Mukai vector v “ p0, σ ` f, 0q, but it is not H´stable, since jΣ˚N
and jF˚M are both H´destabilizing.
We conclude this section with the behaviour of genericity with re-
spect to tensorization with a line bundle. We need the following nota-
tion: if v is a Mukai vector on S and L P PicpSq, we let vL :“ v ¨ chpLq.
If L “ OSpDq for some divisor D, then we let vD :“ vL. Notice that if
vpFq “ v, then vpF b Lq “ vL.
Lemma 2.8. Let v be a Mukai vector and H a polarization on S.
(1) If v “ pr, ξ, aq with r ą 0 and L P PicpSq, we have that H is
v´generic if and only if it is vL´generic.
(2) If v “ p0, ξ, aq and d P Z˚, we have that H is v´generic if and
only if it is vdH´generic.
Proof. If v “ pr, ξ, aq with r ą 0, notice that
vL “ pr, ξ ` rc1pLq, a` ξ ¨ L` rL
2{2q.
Hence v and vL have the same rank, and it is easy to see that v
2 “ v2L. It
follows that |v| “ |vL|: this implies that Wv “WvL , so H is v´generic
if and only if it is vL´generic.
If v “ p0, ξ, aq, notice that vdH “ p0, ξ, a`dξ ¨Hq. There is a bijection
between Wv Y t0u and WvdH Y t0u mapping the divisor associated to a
pair pF , Eq to the one associated to the pair pFbOSpdHq, EbOSpdHqq.
If D P Wv is associated to pF , Eq, and if vpEq “ p0, ζ, bq, we then
have D “ bξ´aζ . The divisor associated to pFbOSpdHq, EbOSpdHqq
is then
D1 “ D ` dpξ ¨Hqζ ´ dpζ ¨Hqξ,
and the bijection maps D to D1 (and conversely). We then see that
D¨H “ D1¨H , hence H is v´generic if and only if it is vdH´generic. 
If v “ p0, ξ, aq and L is not a multiple of H , then it is not in general
true that H is v´generic if and only if it is vL´generic (as the following
example shows): we still have a bijection between WvYt0u and WvL Y
t0u mapping a divisor D to a divisor D1, but in general D ¨H ‰ D1 ¨H .
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Example 2.9. We consider the elliptic K3 surface S of Example 2.7
and the same notation for Σ, F , jΣ and jF , but we let v :“ p0, σ`f, 1q.
We consider the polarization H such that c1pHq “ σ`af , and the line
bundle L such that c1pLq “ ´af . If a " 0, then H is v´generic. We
show that it is not vL´generic.
Indeed, let N P Pic1pΣq and M P Pic´1pF q: then the coherent sheaf
F :“ jΣ˚N‘jF˚M has Mukai vector v, so the Mukai vector of FbL is
vL “ p0, σ ` f, 1´ aq. The subsheaf E “ jF˚M of F has Mukai vector
p0, f,´1q, so the Mukai vector of E b L is p0, f,´1q. The associated
divisor is then D1 “ ´σ ` pa ´ 2qf P WvL , and as easily seen we have
D1 ¨H “ 0: the polarization H is then not vL´generic.
2.2. Yoshioka’s fibration. Here we recall the definition and the main
properties of the morphism av : MvpS,Hq ÝÑ S ˆ pS introduced by
Yoshioka in [60], and relate it to another morphism used in [43].
We let S be an Abelian surface, pS its dual and P the Poincare´ line
bundle on S ˆ pS. Fix a Mukai vector v and a v´generic polarization
H on S, and let Mv be the moduli space of H´semistable sheaves on
S with Mukai vector v. We furthermore fix a coherent sheaf F0 with
Mukai vector v.
We recall that for a smooth projective variety X , the Grothendieck
group KpXq has a ring structure: if F and G are two locally free
sheaves, we let rF s ` rGs “ rF ‘Gs and rF s ¨ rGs “ rF bGs; if F and
G are coherent but not locally free, replace them by a finite locally free
resolution of both.
If f : X ÝÑ Y is a morphism of smooth projective varieties, then
we have the ring morphisms of pull-back f˚ : KpY q ÝÑ KpXq and the
group morphism of push-forward f! : KpXq ÝÑ KpY q. Moreover, the
determinant map det : KpXq ÝÑ PicpXq is well-defined.
2.2.1. Yoshioka’s fibration. We now define the morphism av following
Yoshioka (see [60] and [56]). For every coherent sheaf F on S of Mukai
vector v, we set
αvpFq :“ detpp pS!pp˚SprF s ´ rF0sq ¨ prPs ´ rOSˆ pSsqq P Pic0ppSq,
where pS and p pS are the two projections of Sˆ pS onto S and pS respec-
tively, and Pic0ppSq is the group of topologically trivial line bundles onpS. Letting
F : DbpSq ÝÑ DbppSq, F pE‚q :“ Rp pS˚pp˚SE‚ b Pq
be the Fourier-Mukai functor with kernel P, then we have
αvpFq “ detpF pFqq b detpF pF0qq
_ P Pic0ppSq.
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Notice that we have an isomorphism Pic0ppSq » S, hence we have a
morphism αv : Mv ÝÑ S.
We then let
av : Mv ÝÑ S ˆ pS, avpFq :“ pαvpFq, detpFq b detpF0q_q.
Let now Kv “ KvpS,Hq :“ a
´1
v p0S,OSq, where 0S is the zero of the
Abelian group S: if v2 ą 0, the morphism
τv : Kv ˆ S ˆ pS ÝÑMv, τpE , p, Lq :“ τ˚p pEq b L,
is a finite e´tale cover (for a proof of this, see section 4.2 of [56]).
2.2.2. O’Grady’s fibration. Another morphism bv : Mv ÝÑ S ˆ pS was
used by O’Grady in [43]. For γ P CH0pSq, we let Σpγq P S be the
sum of the points of the support of a representative of γ, counted with
multiplicities (i. e. the Albanese image of γ). For a coherent sheaf F
on S we let c2pFq P CH0pSq be the second Chern class of F , and we
set
βpFq :“ Σpc2pFqq.
The morphism bv is defined as follows: we have
bv : Mv ÝÑ S ˆ pS, bvpFq :“ pβpFq, detpFq b detpF0q_q.
The relation between av and bv is explained in the following
Lemma 2.10. There is an automorphism g : S ÝÑ S such that
bv “ pg ˆ id pSq ˝ av.
Proof. To prove this, we just need to show that for every F1,F2 PMv,
we have avpF1q “ avpF2q if and only if bvpF1q “ bvpF2q. Equivalently,
we just need to show that for every F1,F2 P Mv such that detpF1q »
detpF2q, we have αvpF1q “ αvpF2q if and only if βpF1q “ βpF2q.
Suppose first that detpF1q » detpF2q and αvpF1q “ αvpF2q, and let
Γ :“ rF1s´rF2s P KpSq. As vpF1q “ vpF2q “ v and detpF1q » detpF2q,
the only nontrivial Chern class of Γ (in the Chow ring of S) is c2pΓq.
Moreover, there is a representative of c2pΓq of the form
Γ :“
nÿ
i“1
pi ´
nÿ
i“1
qi,
where p1, ¨ ¨ ¨ , pn and q1, ¨ ¨ ¨ , qn are points of S. We then notice that
Γ P KpSq has the same rank and Chern classes of the class
Γ1 :“
“
‘ni“1 Cpi ´‘
n
i“1Cqi
‰
P KpSq.
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Notice that if we let rF : KpSq ÝÑ KppSq be the morphism induced by
F on the level of the Grothendieck groups, we have
detr rF pΓ1qs “ bni“1Ppi b P_qi .
As detp rF pΓqq depends only on the rank and the Chern classes of Γ
in the Chow ring of pS, we get
detp rF prF1sqq b detp rF prF2sqq_ “ detp rF pΓqq “ detp rF pΓ1qq “
“ bni“1Ppi b P
_
qi
“ Přn
i“1ppi´qiq
“ P
Γ
,
where the equality bni“1Ppi b P
_
qi
“ Přn
i“1ppi´qiq
follows from the fact
that the map
S ÝÑ pS, p ÞÑ Pp
is a group isomorphism.
Now, notice that as detpF1q “ detpF2q, we have that αvpF1q “
αvpF2q if and only if detp rF prF1sqq “ detp rF prF2sqq. The previous equal-
ities give that this holds if and only if P
Γ
“ OS. But is equivalent to
ΣprΓsq “ 0S, where rΓs is the class of Γ in CH0pSq.
As this class is c2pΓq, we finally get that αvpF1q “ αvpF2q if and
only if Σpc2pΓqq “ 0S. This last condition is equivalent to Σpc2pF1qq “
Σpc2pF2qq, i. e. to βpF1q “ βpF2q, concluding the proof. 
As a consequence, we see that bv is an isotrivial fibration.
2.3. Deformations of pm, kq´triples. We introduce the main con-
struction we use in the following. Let pS, v,Hq be an pm, kq´triple, T a
smooth, connected curve, and use the following notation: if f : Y ÝÑ T
is a morphism and L P PicpY q, for every t P T we let Yt :“ f
´1ptq and
Lt :“ L|Yt.
Definition 2.11. Let pS, v,Hq be an pm, kq´triple, and write the
Mukai vector v “ mpr, ξ, aq, where ξ “ c1pLq. A deformation of
pS, v,Hq along T is a triple pX ,H ,L q, where:
(1) X is a projective, smooth deformation of S along T , i. e. there
is a smooth, projective, surjective map f : X ÝÑ T such that
Xt is a projective surface for every t P T , and there is 0 P T
such that X0 » S;
(2) H is a line bundle on X such that Ht is ample for every t P T
and such that H0 » H ;
(3) L is a line bundle on X such that L0 » L.
Remark 2.12. If pS, v,Hq is an pm, kq´triple and pX ,H ,L q is a
deformation of pS, v,Hq along a smooth, connected curve T , then
pXt, vt,Htq is an pm, kq´triple if and only if Ht is vt´generic (see
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Remark 2.13 of [45]). Moreover, we recall that the subset of T given by
those t P T such that Ht is not vt´generic is locally closed by Lemmas
2.6 and 2.11 of [45].
Remark 2.13. Let pS, v,Hq be an pm, kq´triple where v “ mpr, ξ, aq,
with r ą 0 and ξ “ c1pLq. Let T be a smooth, connected curve, and
f : X ÝÑ T a smooth, projective deformation of S such that X0 » S
for some 0 P T . On X consider two line bundles H and L such that
H0 » H and L0 » L. Then pX ,H ,L q is a deformation of pS, v,Hq
along T if and only if Ht is ample for every t P T . As the set of
t P T such that Ht is ample is Zariski open in T , by removing a finite
number of points from T we can always assume that pX ,H ,L q is a
deformation of pS, v,Hq along T .
We let φ : M ÝÑ T be the relative moduli space of semistable
sheaves and φs : M s ÝÑ T the relative moduli space of stable sheaves
associated to a deformation pX ,H ,L q of an pm, kq´triple pS, v,Hq
along a smooth, connected curve T . This means that for every t P T
we have Mt “MvtpXt,Htq and M
s
t “M
s
vt
pXt,Htq.
If S is Abelian, let xX ÝÑ T be the dual family, i. e. the smooth
projective family whose fiber over t P T is the dual of Xt. Consider
the following condition:
(‹) the morphism φ : M ÝÑ T has a section, and X ÝÑ T is a
T´group scheme.
If the condition (‹) holds, we have a T´morphism av : M ÝÑ X ˆT xX
such that for every t P T the restriction morphism av|Mt is the Yoshioka
fibration defined in section 2.2. If
Z :“ tp0Xt ,OXtq P Xt ˆ xXt | t P T u Ď X ˆT xX ,
the restriction of the family M to Z is denoted K : restricting the
morphism φ to K we get a morphism φ0 : K ÝÑ T , whose fiber over
t P T is KvtpXt,Htq. A similar definition, but using M
s instead of
M , gives the family φs
0
: K s ÝÑ T .
Remark 2.14. The condition (‹) is always verified up to a finite e´tale
cover of T .
The first result we need is that the families M and K are T´flat
over a Zariski open neighborhood of any t P T such that pXt, vt,Htq is
an pm, kq´triple. This is the content of the following Lemma:
Lemma 2.15. Let pS, v,Hq be an pm, kq´triple, T a smooth, connected
curve, pX ,H ,L q a deformation of pS, v,Hq along T , and assume that
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if is S is Abelian then condition (‹) holds. Suppose that t P T is such
that pXt, vt,Htq is an pm, kq´triple.
(1) The morphisms φ : M ÝÑ T and φ0 : K ÝÑ T are flat at t.
(2) The morphisms φs : M s ÝÑ T and φs
0
: K s ÝÑ T are smooth
at t.
Proof. This is a consequence of the fact that M (resp. K ) is con-
nected (since T and the fibers are connected), and that the fibers are
irreducible (by Theorem 4.4 of [23] for M , and Remark A.1 of [46] for
K ), reduced and of the same dimension. 
Remark 2.16. Instead of using Theorem 4.4 of [23], Lemma 2.15 could
be proved using Theorem 1.17 of [33], which asserts that a simple sheaf
on a K3 or Abelian surface S can be extended along a smooth defor-
mation of S on a polydisk ∆, as soon as its first Chern class remains
of type p1, 1q along the deformation, and that in this case the relative
moduli space of simple sheaves along ∆ is smooth.
If pS, v,Hq is an pm, kq´triple, then choosing a nontrivial deforma-
tion of it along a smooth, connected curve T we get a flat, projective
deformation φ : M ÝÑ T of Mv, and a smooth quasi-projective de-
formation φs : M s ÝÑ T of Msv . Moreover, if S is Abelian we get a
flat, projective deformation φ0 : K ÝÑ T of Kv, and a smooth quasi-
projective deformation φs
0
: K s ÝÑ T of Ksv . We now prove that this
deformation is locally trivial:
Lemma 2.17. Let pS, v,Hq be an pm, kq´triple, T a smooth connected
curve, pX ,L ,H q a deformation of pS, v,Hq along T , and assume that
if S is Abelian then condition (‹) holds.
(1) If p P M and t :“ φppq is such that pXt, vt,Htq is an
pm, kq´triple, then pM , pq » pMt, pq ˆ pT, tq as germs of ana-
lytic spaces.
(2) If p P K and t :“ φ0ppq is such that pXt, vt,Htq is an
pm, kq´triple, then pK , pq » pKt, pq ˆ pT, tq as germs of ana-
lytic spaces.
Proof. If m “ 1, then φ is a smooth, projective morphism, and there
is nothing to prove. If m “ 2 and k “ 1, this is Proposition 2.16
of [45]. For the remaining cases, by [23] Mv and Kv are symplectic
varieties which are locally factorial, and by Corollary 1 of [36] they
have terminal singularities. The Main Theorem of [37] tells us that for
every p P Mv (resp. p P Kv) and for every n P N, the infinitesimal
n´th order deformation of Mv (resp. of Kv) induced by φ (resp. by
φ0), which is flat by Lemma 2.15, is locally trivial at p: the statement
follows hence by Corollary 0.2 of [11]. 
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As a corollary of this, using the Thom First Isotopy Lemma (see
Theorem 3.5 of [5]) we have the following:
Lemma 2.18. Let pS, v,Hq be an pm, kq´triple, T a smooth connected
curve, pX ,L ,H q a deformation of pS, v,Hq along T and assume that
if S is Abelian then condition (‹) holds.
(1) If p P M and t :“ φppq is such that pXt, vt,Htq is an
pm, kq´triple, there is an analytic open neighborhood U Ď T
of t such that φ´1pUq is homeomorphic to Mt ˆ U .
(2) If p P K and t :“ φ0ppq is such that pXt, vt,Htq is an
pm, kq´triple, there is an analytic open neighborhood U Ď T
of t such that φ´10 pUq is homeomorphic to Kt ˆ U .
2.4. Isomorphisms between moduli spaces. Here we describe sev-
eral isomorphisms that will be frequently used in the proof of Theorem
1.17. All of them are induced by Fourier-Mukai transforms, either the
tensorization with a line bundle or the one whose kernel is the ideal
sheaf of the diagonal (for K3 surfaces) or the Poincare´ bundle (for
Abelian surfaces).
2.4.1. Isomorphisms from tensorization with line bundles. Let S be a
projective K3 or Abelian surface, and let v “ mpr, ξ, aq be a Mukai
vector. Recall that if L P PicpSq, we defined vL :“ v ¨ chpLq, and that
if D is a divisor on S, we let vD :“ vOSpDq (see section 2.1, Lemma 2.8).
Definition 2.19. Let v, v1 P rHpS,Zq be two Mukai vectors, and let
v “ pr, ξ, aq, v1 “ pr1, ξ1, a1q.
(1) If H is a polarization on S, we say that v and v1 are
H´equivalent if there is s P Z such that v1 “ vsH .
(2) If r, r1 ą 0, we say that v and v1 are equivalent if there is
L P PicpSq such that v1 “ vL.
The following is the main result about isomorphisms induced by
tensorization with a line bundle2, which shows that moduli spaces of
sheaves corresponding to equivalent (or H´equivalent) Mukai vectors
are isomorphic (and the isomorphism is induced by tensorization with
a suitable line bundle).
Lemma 2.20. Let S be a K3 or Abelian surface, v “ mpr, ξ, aq a Mukai
vector and H an ample line bundle on S.
2In the following Lemma, by a slight abuse of notation we let Kv denote not
only the fiber of av : Mv ÝÑ S ˆ pS over p0S ,OSq, but also any other fiber. This is
justified since av is an isotrivial fibration, so all its fibers are isomorphic.
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(1) For every d P Z the morphism
MvpS,Hq ÝÑ MvdH pS,Hq, F ÞÑ F bOSpdHq
is an isomorphism, which induces isomorphisms Msv » M
s
vdH
,
Kv » KvdH , and K
s
v » K
s
vdH
.
(2) If r ą 0, L P PicpSq and H is v´generic, the morphism
MvpS,Hq ÝÑ MvLpS,Hq, F ÞÑ F b L
is an isomorphism, which induces isomorphisms Msv » M
s
vL
,
Kv » KvL and K
s
v » K
s
vL
.
Proof. First, notice that vpFbLq “ vpFq¨chL. To prove the first point
of the statement, it is enough to remark that a sheaf F of Mukai vector
v is H´(semi)stable if and only if F bOSpdHq is H´(semi)stable.
For the second point, we need to show that if F is H´(semi)stable,
then F b L is H´(semi)stable. This is proved for stable sheaves by
Yoshioka (see Lemma 1.1 of [56]), and the proof goes through for
semistable sheaves.
If S is Abelian, by definition of the morphism av (see section 2.2) we
have that if F1 and F2 are in the same fiber of av, then F1bL and F2bL
are in the same fiber of avL . As av and avL are both isotrivial fibrations,
the isomorphism between Mv and MvL obtained by tensorization with
L induces an isomorphism between Kv and KvL . 
For Mukai vectors of rank 0 it is in general not true that tensoring
with any line bundle induces an isomorphism between moduli spaces,
as the following example shows.
Example 2.21. We let S be an elliptic K3 surface as in Example
2.7, and we use the same notation for Σ, F , jΣ and jF . For a " 0,
consider the polarization H with c1pHq “ σ`af and the Mukai vector
v “ p0, σ ` f, a´ 1q. As a " 0 we have that H is v´generic.
We let N P Pica´3pΣq andM P Pic1pF q, so that jΣ˚N and jF˚M are
both H´stable, and vpjΣ˚Nq “ p0, σ, a ´ 2q and vpjF˚Mq “ p0, f, 1q.
The coherent sheaf F :“ jΣ˚N ‘ jF˚M is H´semistable and its Mukai
vector is v. We let G :“ jF˚M .
If L :“ OSpΣq, then F b L is not H´semistable: indeed G b L is a
subsheaf of F bL, vpF bLq “ p0, σ`f, a´2q and vpGbLq “ p0, f, 2q,
so pHpG b Lq ą pHpF b Lq since
pHpF b L, nq “ n`
a ´ 2
a ´ 1
, pHpG b L, nq “ n` 2.
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2.4.2. Isomorphisms from Fourier-Mukai transforms: K3 surfaces. We
now recall two basic results, originally due to Yoshioka, about iso-
morphisms between moduli spaces of sheaves over K3 surfaces coming
from Fourier-Mukai transforms. Yoshioka’s theorems are stated in a
more general setting. Here we present simplified adapted proofs for
the convenience of the reader. In this section we will only consider the
Fourier-Mukai transform whose kernel is the ideal of the diagonal.
We need the following notation: if S a projective K3, we let ∆ Ď
SˆS be the diagonal and I the ideal of ∆. We have an exact sequence
of coherent sheaves on S ˆ S:
(1) 0 ÝÑ I ÝÑ OSˆS ÝÑ O∆ ÝÑ 0
We let π1, π2 : S ˆ S ÝÑ S be the two projections and consider
F : DbpSq ÝÑ DbpSq, F pE‚q :“ Rπ2˚pπ
˚
1E
‚ bL Iq,pF : DbpSq ÝÑ DbpSq, pF pE‚q :“ RHomπ1pI, π˚2E‚q.
By [4] we know that F is an equivalence of triangulated categories;
moreover, the functor pF r2s is the right and left adjoint to F , so that
F ˝ pF “ r´2s (see Proposition 1.26 of [19]). We say that a coherent sheaf
G verifies WIT(0) (resp. WIT(2)) with respect to F if F pGq “ F 0pGq
(resp. F pGq “ F 2pGqr´2s).
If G is a coherent sheaf on S, then the functor Rπ2˚pπ
˚
1
GbL ¨q applied
to the exact sequence (1) gives the long exact sequence of coherent
sheaves on S
0 ÝÑ F 0pGq ÝÑ OS bH
0pGq
ev
ÝÑ G ÝÑ
ÝÑ F 1pGq ÝÑ OS bH
1pGq ÝÑ 0 ÝÑ
ÝÑ F 2pGq ÝÑ OS bH
2pGq ÝÑ 0
(2)
and similarily the functor RHomπ1p¨, π
˚
2
Gq applied to the exact se-
quence (1) gives the long exact sequence of coherent sheaves on S
0 ÝÑ OS bH
0pGq ÝÑ pF 0pGq ÝÑ
ÝÑ 0 ÝÑ OS bH
1pGq ÝÑ pF 1pGq ÝÑ
ÝÑ G ÝÑ OS bH
2pGq ÝÑ pF 2pGq ÝÑ 0
(3)
We use the following notation: if v “ pr, ξ, aq, we let rv :“ pa,´ξ, rq.
The first result we need is the following (see Theorem 3.18 of [57]).
Lemma 2.22. Let S be a K3 surface such that PicpSq “ Z¨H, where H
is an ample line bundle such that H2 “ 2l. Fix furthermore r, k P N˚,
and let v “ pr, nh, aq be a Mukai vector on S such that v2 “ 2k, where
h :“ c1pHq.
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(1) There is n0 P N such that if n ą n0, every H´semistable (resp.
H´stable) sheaf E with Mukai vector v on S verifies WIT(0)
with respect to F , and the sheaf F 0pEq is H´semistable (resp.
H´stable) with Mukai vector rv.
(2) The functor F induces isomorphisms Mv »Mrv and Msv »Msrv .
Proof. The first point of the statement implies that the functor F in-
duces an injective morphism f : M
psq
v ÝÑ M
psqrv . By Theorem 4.4 of [23]
these moduli spaces are irreducible of the same dimension: it follows
that f is an isomorphism.
It then only remains to prove the first point of the statement. We di-
vide the proof in several steps, and we will present it only for semistable
sheaves (for stable sheaves it is similar).
Step 1: the sheaf E verifies WIT(0) with respect to F . We first
remark that if s P N, then vsH “ pr, nsh, asq where ns “ n ` rs and
as “ a ` 2lns ` rls
2. As Mv » MvsH by point (1) of Lemma 2.20 and
as n ” ns mod r, the number of equivalence classes of Mukai vectors
on S of rank r and square 2k is at most r.
The family of semistable sheaves with fixed Mukai vector v is
bounded: it follows that there is T P N such that if s ą T , for an
H´semistable sheaf E with Mukai vector v we have H1pEbOSpsHqq “
H2pE bOSpsHqq “ 0 and the evaluation morphism
H0pE bOSpsHqq bOS ÝÑ E bOSpsHq
is surjective.
Now, as seen before the set of equivalence classes of Mukai vector on
S of rank r and square 2k is finite. Moreover, the tensorization with
H preserves the semistability and induces an isomorphism between
moduli spaces of sheaves (by Lemma 2.20). From this, it follows that
there is uniform bound T P N, depending only on r, k and l, such
that if n ą T then each H´semistable sheaf E with Mukai vector
v “ pr, nh, aq is such that H1pEq “ H2pEq “ 0 and the evaluation
morphism H0pEq b OS ÝÑ E is surjective. By the exact sequence (2)
for E we get F 1pEq “ F 2pEq “ 0, so that F pEq “ F 0pEq.
Step 2: the sheaf F 0pEq is locally free, and its Mukai vector is rv. By
Step 1, the exact sequence (2) applied to E gives the exact sequence
(4) 0 ÝÑ F 0pEq ÝÑ H0pEq bOS ÝÑ E ÝÑ 0.
We then see that vpF 0pEqq “ rv.
As E is a torsion-free and S is a surface, the projective dimension
of E is at most 1. The exact sequence (4) is a resolution of E where
H0pEq bOS is locally free and F
0pEq is torsion-free. If F 0pEq was not
locally-free, then we would get a locally free resolution of lenght 2 of E
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(obtained by replacing F 0pEq by a locally free resolution), and hence
the projective dimension of E would be 2. It follows that F 0pEq has to
be locally free.
Step 3: the sheaf F 0pEq is H´semistable. We proceed by contra-
diction, supposing that F 0pEq is not H´semistable. Then there is
a subsheaf G1 Ď F
0pEq such that pHpG1q ą pHpF
0pEqq, and we can
choose it to be H´stable and having maximal reduced Hilbert poly-
nomial. Such a G1 is the first term of a Jordan-Ho¨lder filtration of the
first term of a Harder-Narasimhan filtration of F 0pEq.
The sheaf G1 is locally free. Indeed, if it was not locally free, G
˚˚
1
would be a locally free subsheaf of F 0pEq with pHpG
˚˚
1
q ą pHpG1q,
contradicting the maximality of pHpG1q.
We write vpG1q “ pa1,´n1h, r1q. As G1 is locally free and contained
in F 0pEq (which is locally free of rank a), we get 0 ă a1 ă a. As
pHpF
0pEq, mq “ m2´
2n
a
m`
a` r
a
, pHpG1, mq “ m
2´
2n1
a1
m`
a1 ` r1
a1
,
and as pHpG1q ą pHpF
0pEqq, we have either n1{a1 ă n{a or n1{a1 “ n{a
and r1{a1 ą r{a.
We claim that n1 ą 0. Indeed, we have G1 Ď F
0pEq Ď H0pEq bOS,
and as H0pEq b OS is H´semistable of slope 0, we have µHpGq ď 0:
but since µHpGq “ ´2ln1{a1, we get n1 ě 0.
Moreover, if n1 “ 0, then G1 would contain a µH´stable locally free
subsheaf rG1 such that µHprG1q “ 0. Then rG1 is a subsheaf H0pEq bOS,
so there is a nontrivial morphism g : rG1 ÝÑ OS.
This morphism is injective (since if the kernel was not trivial, then it
would be a subsheaf of rG1 with slope 0, contradicting the µH´stability
of rG1), and as rG1 is locally free we get that g is an isomorphism. It
follows that OS Ď F
0pEq: this means that F 0pEq has a section, which
is impossible (since F 0pEq is the kernel of an evaluation map). This
proves that n1 ą 0.
To resume, if F 0pEq is not H´semistable, then it has an H´stable
subsheaf G1 of Mukai vector vpG1q “ pa1,´n1h, r1q where a1, n1 ą 0
and either n1{a1 ă n{a, or n1{a1 “ n{a and r1{a1 ą r{a. Notice that
in particular n1 ă n.
Now, let G2 be the quotient of F
0pEq by its subsheaf G1, so that we
have an exact sequence
0 ÝÑ G1 ÝÑ F
0pEq ÝÑ G2 ÝÑ 0.
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Applying the functor pF to it, and by using the fact that pF ˝F “ r´2s,
then we get the two exact sequences
(5) 0 ÝÑ pF 0pG2q ÝÑ pF 1pG1q ÝÑ 0
and
(6) 0 ÝÑ pF 1pG2q ÝÑ pF 2pG1q ÝÑ E ÝÑ pF 2pG2q ÝÑ 0
The sheaf G :“ pF 2pG1q{ pF 1pG2q is then a subsheaf of E . We show that
pHpGq ą pHpEq: it follows that E is not H´semistable, completing the
contradiction argument.
To do so, let us first show that G1 verifies WIT(2) with respect to pF .
First, notice that
c1pG2q “ c1pF
0pEqq ´ c1pG1q “ pn1 ´ nqh,
so that µHpG2q ă 0 (since n1 ă n). More generally, all the subsheaves
of G2 have strictly negative first Chern class. Indeed, the starting term
of the Harder-Narasimhan filtration of F 0pEq has the same reduced
Hilbert polynomial of G1, and µHpG1q ă 0.
Hence all the direct summands of grpF 0pEqq and of grpG2q (i. e. the
quotients of the Harder-Narasimhan filtration of F 0pEq and of G2) have
all strictly negative first Chern class, so this holds for all subsheaves of
F 0pEq and of G2. In particular, we see that H
0pG2q “ 0.
The exact sequence (3) applied to G2 then gives pF 0pG2q “ 0: by the
exact sequence (5) we then get pF 1pG1q “ 0, so that G1 verifies WIT(2)
with respect to pF .
We now claim that r1 ą 0. Indeed, as G1 verifies WIT(2) with
respect to pF , by the exact sequence (3) applied to G1 we see that
vp pF 2pG1qq “ pr1, n1h, a1q, hence r1 ě 0. If r1 “ 0, the morphismpF 2pG1q ÝÑ E in the exact sequence (6) would be trivial (since E is
torsion-free and pF 2pG1q is torsion). As pF is fully faithful, this would
imply that the inclusion morphism G1 ÝÑ F
0pEq is trivial, getting a
contradiction: it follows that r1 ą 0.
Moreover, the exact sequence (3) applied to G2 shows that pF 1pG2q is
an extension of a subsheaf of G2 by OS b H
1pG2q: it follows that the
first Chern class of pF 1pG2q is negative.
Now, notice that as G “ pF 2pG1q{ pF 1pG2q, we have
c1pGq “ c1p pF 2pG1qq ´ c1p pF 1pG2qq.
As c1p pF 1pG2qq is negative, it follows that pHpGq ą pHp pF 2pG1qq. If
pHp pF 2pG1qq ą pHpEq, we are done.
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To show this, recall that vp pF 2pG1qq “ pr1, n1h, a1q, hence we get
pHpEq “ m
2 `
2n
r
m`
a` r
r
, pHp pF 2pG1qq “ m2 ` 2n1
r1
m`
a1 ` r1
r1
.
Moreover, recall that:
(1) we have r, n, a ą 0 and ln2 ´ ra “ v2{2 “ k ą 0;
(2) we have r1, n1, a1 ą 0;
(3) we have a1 ă a, and either n1{a1 ă n{a, or n1{a1 “ n{a and
r1{a1 ą r{a;
(4) we have ln2
1
´ r1a1 “ vpG1q
2{2 ě ´1, since G1 is H´stable.
By Lemma 2.23 below, it follows that there is n0 P N such that for every
n ą n0, we have n1{r1 ě n{r, and if n1{r1 “ n{r, then a1{r1 ą a{r.
But this means that pHp pF 2pG1qq ą pHpEq, completing the proof. 
We now prove the following, which is used to conclude the proof of
the previous Lemma:
Lemma 2.23. Fix k, l, r P N˚, and let n, a, r1, a1, n1 P N
˚ be such that
the following conditions are fulfilled:
(1) ln2 ´ ra “ k;
(2) ln2
1
´ r1a1 ě ´1;
(3) a1 ă a;
(4) n1{a1 ă n{a or n1{a1 “ n{a and r1{a1 ą r{a.
If n ą 32r3k, then either n1{r1 ą n{r, or n1{r1 “ n{r and a1{r1 ą a{r.
Proof. We let k1 :“ ln
2
1
´ r1a1, so that k1 ě ´1. As n1{a1 ď n{a, it
follows that n1{n ď a1{a. Moreover, as a1 “
ln2
1
´k1
r1
and a “ ln
2´k
r
, we
get the inequality
n1
n
ď
r
r1
¨
n1
n
¨
n1 ´
k1
ln1
n ´ k
ln
.
This implies that
(7) 1 ď
r
r1
¨
n1 ´
k1
ln1
n ´ k
ln
.
We claim that as n ą 32r3k we have r ą r1. Indeed, as n ą 32r
3k ě 3k
and k1 ě ´1, we get
(8)
n1 ´
k1
ln1
n ´ k
ln
ď
n1 `
1
ln1
n ´ 1
3l
ď
n1 `
1
n1
n1 `
2
3
where the last inequality follows from the fact that n ą n1 (so that
n´ n1 ě 1).
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As n ą n1 and n ą 3k, the last term of the inequality (8) is strictly
smaller than 1: this is trivial if n1 ě 2; if n1 “ 1, then n ą n1 ` 1 (as
n ě 3), and hence the last inequality in equation (8) is strict. In any
case we get
n1 ´
k1
ln1
n´ k
ln
ă 1,
hence the inequality (7) gives r ą r1.
We now write the inequality (7) in a different form. More precisely,
we have
1 ď
n1
r1
n
r
¨
1´ k1
ln2
1
1´ k
ln2
ď
n1
r1
n
r
¨
1` 1
ln2
1
1´ k
ln2
where the last equality follows from k1 ě ´1. As n ą 32r
3k we see
that 1´ k
ln2
ą 0, hence the previous inequality becomes
(9)
n1
r1
n
r
ě
1´ k
ln2
1` 1
ln2
1
“ 1´
k
ln2
` 1
ln2
1
1` 1
ln2
1
.
We first want to show that n1{r1 ě n{r. As the first term of the
inequality (9) is an integral multiple of 1
r1n
, by the inequality (9) it is
enough to show that
k
ln2
` 1
ln2
1
1` 1
ln2
1
ď
1
r1n
.
To do so, notice first that 1` 1
ln2
1
ą 1, and that as 1{ln21 ď 1 we have
1
ln2
1
1` 1
ln2
1
ď
1
2
.
Moreover, as n ą 32r3k, we get k
ln2
ă 1{4. We then find that
1´
k
ln2
` 1
ln2
1
1` 1
ln2
1
ă
1
4
,
so that we finally get
n1
r1
ě
n
4r
.
This implies that n1 ě
n
4r
, hence we get
1
ln2
1
ď
1
l n
2
16r2
ď
1
ln32r
3k
16r2
“
1
2lrnk
ď
1
2rn
.
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Now, as n ą 32r3k we even get that k{ln2 ă 1
32r3n
, hence we finally
get
k
ln2
` 1
ln2
1
1` 1
ln2
1
ă
k
ln2
`
1
ln2
1
ă
1
32r3n
`
1
2rn
ă
1
rn
ă
1
r1n
,
where the last inequality comes from r ą r1.
We then have n1{r1 ě n{r if n ą 32r
3k. To complete the proof,
notice that if n1{r1 “ n{r, then r1{r “ n1{n ă a1{a. But this means
that a1{r1 ą a{r, and we are done. 
We conclude this section with the proof of the following Lemma,
which allows us to pass from Mukai vectors of rank 0 to Mukai vectors
of strictly positive rank (see Proposition 3.14 of [57] for a proof for
stable sheaves). We use the following notation: if v “ p0, ξ, aq is a
Mukai vector on S, we let rv :“ pa,´ξ, 0q.
Lemma 2.24. Let S be a projective K3 surface, H a polarization on
S and fix k P N˚. Let ξ be the first Chern class of an effective divisor
on S, and suppose that ξ2 “ 2k. Let v “ p0, ξ, aq be a Mukai vector on
S, write h :“ c1pHq, and suppose that H is v´generic and rv´generic.
(1) There is a0 P N such that if a ą a0, every H´semistable (resp.
H´stable) sheaf E with Mukai vector v on S verifies WIT(0)
with respect to F , and the sheaf F pEq is H´semistable (resp.
H´stable) with Mukai vector rv.
(2) The functor F induces isomorphisms Mv »Mrv and Msv »Msrv .
Proof. As in the proof of Lemma 2.22, the second point follows from the
first, since the moduli spaces are irreducible and of the same dimension
(by Theorem 4.4 of [23]). We are then left to show the first point of the
statement, and again we present only the proof for semistable sheaves,
the proof for stable ones being similar.
Notice that if v “ p0, ξ, aq and s P N, then vsH “ p0, ξ, asq where
as “ a`sξ ¨H . Hence as ” a mod ξ ¨H : as by point (1) of Lemma 2.20
the tensorization with H preserves the H´semistability and induces an
isomorphisms between moduli spaces, we have Mv » MvsH . It follows
that the number of H´equivalence classes of Mukai vectors of rank 0
and first Chern class ξ is finite (its cardinality is at most ξ ¨H).
As in the proof of Lemma 2.22, this implies that there is T P N such
that if a ą T then all the sheaves E of Mukai vector v “ p0, ξ, aq are such
that H1pEq “ H2pEq “ 0 and the evaluation map H0pEq b OS ÝÑ E
is surjective. This implies that F pEq “ F 0pEq, which is a locally free
sheaf as the projective dimension of E is 1, and that vpF 0pEqq “ rv (see
Step 1 and Step 2 of the proof of Lemma 2.22).
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We are then only left to prove that F 0pEq isH´semistable, and again
the proof is by contradiction, so we start by supposing that F 0pEq is
not H´semistable. Hence it has an H´stable locally free subsheaf G 1
such that pHpG
1q ą pHpF
0pEqq. We write vpG 1q “ pa1,´ξ1, r1q, where
0 ă a1 ă a.
We notice that ξ1 is effective and ξ1 ‰ 0. Indeed, we have that
detpG 1q Ď OS, so µHpG
1q ď 0. If ξ1 was not effective, as seen in Step
3 of Lemma 2.22 a µH´stable subsheaf of G
1 would be isomorphic to
OS, so that G
1 would have a section. As G 1 Ď F 0pEq, this would imply
that F 0pEq has a section, which is not possible as F 0pEq is the kernel
of an evaluation map.
We let d :“ ξ ¨ H and d1 :“ ξ1 ¨ H (hence d, d1 ą 0, since ξ and ξ1
are effective). Writing explicitly the reduced Hilbert polynomials of
G 1 and of E , as pHpG
1q ą pHpF
0pEqq we get that either d1{a1 ă d{a,
or d1{a1 “ d{a and r1{a1 ą 0. Notice that as d1{a1 ď d{a, we get
d1{d ď a1{a ă 1.
We claim that if a " 0, then r1 ď 0: this will imply that d1{a1 ă d{a
(as otherwise we have d1{a1 “ d{a and r1{a1 ą 0, so r1 ą 0). Indeed, as
G 1 is H´stable we have vpG 1q2 ě ´2. Hence, if r1 ě 1 we get
´2 ď vpG 1q2 “ pξ1q2 ´ 2a1r1 ď pξ1q2 ´ 2a1.
As d1{d ď a1{a, it follows that a1 ě ad
1
d
, so that
´2 ď pξ1q2 ´ 2a
d1
d
.
Now, for every d P N, the set of numerical equivalence classes of
effective curves C on S such that C ¨ H ď d is finite. It follows that
the set "
d ¨
C2 ` 2
2C ¨H
ˇˇˇ
ˇC Ď S is an effective curve, C ¨H ă d
*
has a maximum, denoted Md. Now, suppose that a ąMd. As ξ
1 is an
effective divisor such that ξ1 ¨H ă d, we have
pξ1q2 ´ 2a
d1
d
ă pξ1q2 ´ 2d
pξ1q2 ` 2
2d1
¨
d1
d
“ ´2,
getting a contradiction.
Now, the same proof of Lemma 2.22 shows that G 1 verifies WIT(2)
with respect to pF , and pF 2pG 1q is a sheaf whose Mukai vector is pr1, ξ1, a1q.
It follows that r1 ě 0, and since r1 ď 0 we get r1 “ 0. As G 1
H´destabilizes F 0pEq, this implies that d1{a1 ă d{a.
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If we now let G2 be the quotient of F 0pEq by G 1, by applying the
functor pF to the exact sequence
0 ÝÑ G 1 ÝÑ F 0pEq ÝÑ G2 ÝÑ 0
we get the exact sequence
0 ÝÑ pF 1pG2q ÝÑ pF 2pG 1q ÝÑ E ÝÑ pF 2pG2q ÝÑ 0.
Now, the exact sequence (3) applied to G2 shows that pF 1pG2q is an
extension of a subsheaf of G2 by a locally free sheaf. As G2 is torsion-
free, it follows that pF 1pG2q is torsion-free. As it is a subsheaf of pF 2pG 1q,
whose rank is r1 “ 0, it has to be trivial. The previous exact sequence
then becomes
0 ÝÑ pF 2pG 1q ÝÑ E ÝÑ pF 2pG2q ÝÑ 0.
As pF 2pG 1q is a subsheaf of E , it follows that ξ1 ‰ 0 (otherwise E would
have 0´dimensional torsion).
But now notice that
pHpE , mq “ m`
a
d
, pHp pF 2pG 1q, mq “ m` a1
d1
,
and recall that d1{a1 ă d{a, so a1{d1 ą a{d. Hence pHp pF 2pG 1qq ą pHpEq,
so E is not H´semistable, which is not possible. 
2.4.3. Isomorphisms from Fourier-Mukai functors: Abelian surfaces.
In the previous section we have seen that if S is a projective K3 sur-
face, then the Fourier-Mukai transform whose kernel is the ideal of
the diagonal of S ˆ S induces isomorphisms between moduli spaces of
semistable sheaves (under conditions on the Mukai vectors).
In this section we prove that similar results hold true when the base
surface is Abelian, but in this case the Fourier-Mukai transform one has
to use the Poincare´ bundle as kernel: again these results are originally
due to Yoshioka, and we present here the proofs for the convenience of
the reader.
Let S be an Abelian surface, pS its dual and P the Poincare´ line
bundle in S ˆ pS. We then consider the two functors
F : DbpSq ÝÑ DbppSq, F pE‚q :“ Rp pS˚pp˚SE‚ b Pq,pF : DbppSq ÝÑ DbpSq, pF pE‚q :“ ι˚RpSpp˚pSE‚ b Pq,
where pS and p pS are the two projections of Sˆ pS onto S and pS respec-
tively, and ι : S ÝÑ S is the involution acting as ´1. By [4] we know
that F is an equivalence; moreover we have F ˝ pF “ r´2s (see Theorem
2.2 of [35]).
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If L P PicpSq, we let pL :“ detp´rF pLqsq P PicppSq; moreover, if
ξ “ c1pLq, we let pξ :“ c1ppLq. If H is an ample line bundle, then pH is
ample (see Proposition 3.11 of [35]).
We use the following notation: if v “ pr, ξ, aq, we let rv :“ pa,´pξ, rq
(which is then a Mukai vector on pS). If H is a v´generic polarization
on S, then pH is a rv´generic polarization on pS (see Remark 1.1 of [57]).
The following Lemma is an analogue for Abelian surfaces of Lemma
2.22 (see Theorem 3.18 of [57]):
Lemma 2.25. Let S be an Abelian surface such that NSpSq “ Z ¨ h,
where h is the first Chen class of an ample divisor H with H2 “ 2l.
Fix furthermore r, k P N˚, and let v “ pr, nh, aq be a Mukai vector on
S such that v2 “ 2k.
(1) There is n0 P N such that if n ą n0, every H´semistable (resp.
H´stable) sheaf E with Mukai vector v on S verifies WIT(0)
with respect to F , and the sheaf F 0pEq is pH´semistable (resp.pH´stable) with Mukai vector rv.
(2) The functor F induces isomorphisms MvpS,Hq » MrvppS, pHq,
and Msv »M
srv , Kv » Krv and Ksv » Ksrv .
Proof. The structure of the proof is exactly the same as the one of
Lemma 2.22, but with some modifications that we explain here for the
convenience of the reader. Again, we give a proof only for semistable
sheaves, as for stable sheaf the proof is similar.
First, as in the proof of Lemma 2.22 we notice that it is enough to
show the first point of the statement. Indeed, this implies that there is
an injective morphismMv ÝÑMrv sending a sheaf E to F 0pEq. But now
by Theorem 4.4 of [23] we know that Mv and Mrv are both irreducible
of the same dimension, hence this inclusion is an isomorphism.
Notice that if E , E0 P MvpS,Hq, as ι
˚ ˝ pF : DbppSq ÝÑ DbpSq is the
Fourier-Mukai transform with kernel P, by definition of arv we have
arvpF pEqq “
“ pdetpι˚ pF pF pEqqq b detpι˚ pF pF pE0qqq_, detpF pEqq b detpF pE0qq_q “
“ pι˚pdetpEq b detpE0q
_q, detpF pEqq b detpF pE0qq
_q “ εpavpEqq,
where
ε : S ˆ pS ÝÑ pS ˆ S, εpp, qq :“ ppιpqq, pq,
and pι : pS ÝÑ pS is the involution acting as ´1.
It follows that E1 and E2 lie in the same fiber of av if and only if
F pE1q and F pE2q lie in the same fiber of arv. As av and arv are isotrivial
fibrations, it follows that the functor F induces an injectionKv ÝÑ Krv.
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Since by Remark A.1 of [46] we know that Kv and Krv are irreducible
and of the same dimension, this inclusion is an isomorphism.
In conclusion, it only remains to prove the first point of the state-
ment: the proof will have the same structure of that of Lemma 2.22.
The proof of the fact that E verifies WIT(0) with respect to F , and
that F 0pEq has Mukai vector rv is exactly as in the proof of Step 1
of Lemma 2.22. That proof shows moreover that up to tensoring E
by a line bundle of degree 0, we get that H1pEq “ H2pEq “ 0. By
cohomology and base change, it follows that F 0pEq is locally free (see
Step 2 of the proof of Lemma 2.22).
As in Step 3 of the proof of Lemma 2.22, we now prove that F 0pEq
is pH´semistable using a contradiction argument. More precisely, we
suppose that F 0pEq is not pH´semistable, and we deduce that E is not
H´semistable (contradicting the assumption on E). Let v “ pr, nh, aq,
so that rv “ pa,´nph, rq.
To do so, let G1 be a subsheaf of F
0pEq with p pHpG1q ą p pHpF 0pEqq, and
as in Lemma 2.22 we can choose it to be pH´stable, locally free and with
maximal reduced Hilbert polynomial. We let vpG1q “ pa1,´n1ph, r1q,
and again we have 0 ă a1 ă a.
The first claim is that n1 ą 0. To show this, let Z Ď S be a reduced
0´dimensional subscheme whose degree is d " 0. One can choose Z so
that for every L P Pic0pSq no section of E b L vanishes along Z. We
let EZ be the restriction of E to Z, and consider the exact sequence
0 ÝÑ K ÝÑ E ÝÑ EZ ÝÑ 0.
By construction, for every L P Pic0pSq we have H0pK b Lq “ 0.
Applying F to the previous exact sequence we then get an inclusion
F 0pEq Ď F 0pEZq. Now, notice that F
0pEZq is a direct sum of line
bundles of degree 0 on S: as G1 Ď F
0pEq, we then get an inclusion of
G1 in a direct sum of line bundles of degree 0 on S: it then follows that
µHpG1q ď 0, i. e. n1 ě 0 (since a direct sum of line bundles of degree
0 is H´semistable of H´slope 0).
If n1 “ 0 we then get µHpG1q “ 0. As in the proof of Lemma 2.22
this would lead to find a subsheaf rG1 of G1 which is isomorphic to a line
bundle L of degree 0 (which is one of the direct summands of F pEZq).
This implies that the sheaf H :“ p˚SpEqbPbp
˚pSppLq has a global section:
but this is impossible since pS˚H “ 0. This concludes the proof of the
claim.
The remaining part of the proof is as in Step 3 of Lemma 2.22.
We notice that here we can apply again Lemma 2.23 since G1 being
H´stable we get that vpG1q ě 0 (and hence even bigger than ´2). 
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The second Lemma we need is the following, allowing us to pass
from Mukai vectors of rank 0 to Mukai vectors of strictly positive rank
(this is the analogue for Abelian surfaces of Lemma 2.24, and see again
Proposition 3.14 of [57] for a proof in the case of stable sheaves).
Lemma 2.26. Let S be an Abelian surface, H a polarization on S and
fix k P N˚. Let ξ be the first Chern class of an effective divisor on S
such that ξ2 “ 2k. Let v “ p0, ξ, aq be a Mukai vector on S, write
h :“ c1pHq, and suppose that H is v´generic.
(1) There is a0 P N such that if a ą a0, every H´semistable (resp.
H´stable) sheaf E with Mukai vector v on S verifies WIT(0)
with respect to F , and the sheaf F pEq is pH´semistable (resp.pH´stable) with Mukai vector rv.
(2) The functor F induces an isomorphism MvpS,Hq »MrvppS, pHq,
and Msv »M
srv , Kv » Krv, Ksv » Ksrv .
Proof. As in the proof of Lemma 2.25, the second point of the statement
is a consequence of the first one. Again we give an argument only for
semistable sheaves, the case of stable sheaves being analogue.
The proof is almost identical to that of Lemma 2.24, using the func-
tors F and pF given before. Again one shows that if a is sufficiently big,
then an H´semistable sheaf E of Mukai vector v “ p0, ξ, aq verifies
WIT(0) with respect to F , and F 0pEq is torsion-free and has Mukai
vector rv “ pa,´pξ, 0q.
The proof is again by contradiction: we suppose that F 0pEq is notpH´semistable, and we deduce that E is not H´semistable. Hence,
let G 1 Ď F 0pEq be pH´stable, pH´destabilizing, with maximal reduced
Hilbert polynomial, and let vpG 1q “ pa1,´pξ1, r1q.
As in the proof of Lemma 2.24 we still have 0 ă a1 ă a. Moreover,
we have that pξ1 numerically equivalent to an nontrivial effective divisor.
Indeed, there is a (possibly nonreduced) 0´dimensional subscheme Z
of S of very high degree which is contained in the support of ξ such
that G 1 Ď F 0pEq Ď F 0pEZq, where EZ is the restriction of E to Z.
The sheaf F 0pEZq is semistable and the factors of its Jordan-Ho¨lder
filtration are line bundles of degree 0 on pS. Arguing as in the proof of
Lemma 2.25 we see that detpG 1q is contained in some L P Pic0ppSq, so
that detpG 1q is numerically equivalent to the opposite of a nontrivial
effective divisor, or detpG 1q P Pic0ppSq. This last possibility can be
excluded as in the proof of Lemma 2.25, so as c1pdetpG
1qq “ ´pξ, it
follows that pξ is numerically equivalent to an effective nontrivial divisor.
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The remaining part of the proof is as for Lemma 2.22 (since here as G 1
is pH´stable we have vpG 1q ě 0, and hence bigger than ´2). 
Remark 2.27. Lemmas 2.22, 2.24, 2.25, 2.26 prove that the functor
F sends a semistable sheaf of Mukai vector v to a semistable sheaf of
Mukai vector rv. Under the same hypothesis, it can be proved that the
functor pF sends a semistable sheaf of Mukai vector rv to a semistable
sheaf of Mukai vector v. However, the proof of this is somehow less
elementary and seems to be more naturally proved in the context of
derived categories, as one needs to analyse how pF acts on complexes
that a priori are not sheaves (see Theorem 3.1 and Proposition 3.2 of
[59]). This stronger statement guarantees that Mv ‰ H if and only if
Mrv ‰ H, and implies the second point of the previous Lemmas without
assuming Theorem 4.4 of [23].
2.5. The proof of Theorem 1.17. This section is devoted to the
proof of Theorem 1.17: the goal is to show that if pS, v,Hq is an
pm, kq´triple, then Mv (resp. Kv) is deformation equivalent to the
moduli space associated to an pm, kq´triple which is independent of
pS, v,Hq. Before giving the proof, we provide several lemmas we will
need.
2.5.1. Changing polarization and first Chern class. We first show the
following Lemma, which allows us, if the rank of the Mukai vector is
strictly positive, to suppose that the first Chern class of the Mukai
vector is a multiple of the polarization. As a consequence, this will
allow us to suppose the Ne´ron-Severi group of S to have rank 1.
Lemma 2.28. Let pS, v,Hq be an pm, kq´triple where v “ mpr, ξ, aq
is such that r ą 0, and let g :“ gcdpr, ξq. Suppose that ρpSq ě 2, and
let C be the v´chamber such that H P C. Then there exists a Mukai
vector v1 “ mpr, ξ1, a1q and a polarization H 1 in C such that:
(1) v1 is equivalent to v;
(2) pH 1q2 " 0;
(3) ξ1 “ gc1pH
1q.
In particularMvpS,Hq »Mv1pS,H
1q andMsv pS,Hq »M
s
v1pS
1, H 1q. If S
is Abelian, we have KvpS,Hq » Kv1pS,Hq and K
s
vpS,Hq » K
s
v1pS,Hq.
Proof. This is a generalization of Lemma II.6 of [41]. First, notice that
as H P C, and as changing polarization inside C does not change the
moduli space (by Proposition 2.5), up to changing polarization in C we
can suppose that ξ R R ¨ c1pHq.
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Now, let d P N and v1 :“ v ¨ chpOSpdHqq. Then v
1 is equivalent to v,
and
v1 “ mpr, ξ ` rdc1pHq, a` dξ ¨H ` rd
2H2{2q.
We first notice that if d " 0, then ξ ` rdc1pHq P C. Moreover, writing
r “ gs and ξ “ gζ , where gcdps, ζq “ 1 (since g “ gcdpr, ξq), we have
ξ1 :“ ξ ` rdc1pHq “ gζ ` gsdc1pHq “ gpζ ` sdc1pHqq.
We now let H 1 be an ample divisor such that c1pH
1q “ ζ ` sdc1pHq.
As d " 0, we have
pH 1q2 “ ζ2 ` 2sdζ ¨H ` s2d2
H2
2
" 0.
Since H 1 P C, we just need to prove that H 1 is primitive for some choice
of d " 0.
To show this, write ζ “ pζ 1 for a primitive class ζ 1. As gcdps, ζq “ 1,
we have gcdps, pq “ 1: it follows that if d " 0 is such that gcdpp, dq “ 1,
then gcdpp, sdq “ 1. The class pζ 1`sdc1pHq is then a primitive element
in the rank 2 sublattice Λ of NSpSq spanned by ζ 1 and c1pHq.
Letting SpΛq be the saturation of Λ in NSpSq, as c1pHq is primitive
we get that SpΛq{Λ is cyclic and spanned by the class of an element
β P SpΛq. It follows that every α P Λ which is not primitive in NSpSq
has to be a multiple of β.
The classes pζ 1 ` sdc1pHq and pζ
1 ` sd1c1pHq are not multiple to
each other unless d “ d1: it then follows that there is at most one
d P Z which is such that d " 0, gcdpp, dq “ 1 and pζ 1 ` sdc1pHq is
not primitive in NSpSq. As a consequence, there is d " 0 such that
c1pH
1q “ ζ ` sdc1pHq is primitive.
To conclude the proof, we just need to notice that if S is Abelian,
then by point (1) of Lemma 2.20 the tensorization with OSpdHq induces
an isomorphism between the fibers of the corresponding Yoshioka fi-
brations. 
2.5.2. Deformation to elliptic surfaces. Elliptic surfaces having a sec-
tion and whose Picard number is 2 prove to be particularly use-
ful, as in this case we have a privileged class of polarizations, called
v´suitable. Let Y be an elliptic K3 or Abelian surface such that
NSpY q “ Z ¨ f ‘ Z ¨ σ, where f is the class of a fiber and σ is the
class of a section. Let v be a Mukai vector on Y , and recall the follow-
ing definition (see [41]):
Definition 2.29. A polarization H on Y is called v´suitable if H is
in the unique v´chamber whose closure contains f .
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We have an easy numerical criterion to guarantee that a polarization
on Y is v´suitable (see Lemma I.0.3 of [41] for K3 surfaces, and point
(2) of Lemma 2.24 of [45] for Abelian surfaces):
Lemma 2.30. Let Y be an elliptic K3 surface with NSpY q “ Z¨σ‘Z¨f ,
where σ is a section and f is a fibre, and let v “ pr, ξ, aq be a Mukai
vector on Y such that r ą 0. Let H be a polarization, and suppose that
c1pHq “ σ ` tf for some t P Z.
(1) If Y is K3, then H is v´suitable if t ě |v| ` 1.
(2) If Y is Abelian, then H is v´suitable if t ě |v|.
In the next Lemma, by deforming an pm, kq´triple pS, v,Hq to an
pm, kq´triple pY, v1, H 1q where Y elliptic surface and H 1 is v1´suitable,
we show that the deformation class of Mv (resp. Kv) depends only on
the rank r of v (when r ą 0 and prime to the first Chern class of v).
Lemma 2.31. For i “ 1, 2 let pSi, vi, Hiq be an pm, kq´triple where
either S1 and S2 are K3 surfaces, or S1 and S2 are Abelian surfaces.
Write vi “ mpri, ξi, aiq for i “ 1, 2, and suppose furthermore that the
following conditions are verified:
(1) r1 “ r2 “: r ą 0;
(2) gcdpr, ξ1q “ gcdpr, ξ2q “ 1;
Then Mv1 and Mv2 (resp. Kv1 and Kv2) are deformation equivalent,
and similarly Msv1 and M
s
v2
(resp. Ksv1 and K
s
v2
) are deformation equiv-
alent.
Proof. The argument we present here was first used by O’Grady in [41]
and by Yoshioka in [55] for primitive Mukai vectors, and by the authors
in [45] in the case of m “ 2 and k “ 1.
First, we can always assume ρpSiq ą 1. Indeed, consider a non-trivial
smooth, projective deformation Xi of Si along an open 1´dimensional
disc ∆, and let 0 P ∆ be such that Xi,0 » Si. By the Main Theorem of
[44], the locus of t P ∆ such that ρpXi,tq ą 1 is dense in the classical
topology of ∆.
If Hi P PicpXiq is a deformation of Hi and Li P PicpXiq is a
deformation of a line bundle Li P PicpSiq such that c1pLiq “ ξi, then
pXi,t, vi,t,Hi,tq is an pm, kq´triple for all but a finite number of t P ∆
(see Remark 2.13): hence there is t P ∆ such that ρpXi,tq ą 1 and
pXi,t, vi,t,Hi,tq is an pm, kq´triple.
By Lemma 2.28 we suppose vi “ mpr, c1pHiq, aiq, where Hi is ample
and H2i “ 2di with di " 0. Let Y be a K3 (resp. Abelian) surface
admitting an elliptic fibration and such that NSpY q “ Z ¨ σ ‘ Z ¨ f ,
where f is the class of a fiber, and σ is the class of a section.
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For i “ 1, 2, because of the connectedness of the moduli spaces of
polarized K3 or Abelian surfaces, there is a smooth, connected curve Ti
and a deformation pXi,Li,Hiq over Ti of the pm, kq´triple pSi, vi, Hiq
such that there is t P Ti with the property pXi,t, vi,t, Hi,tq “ pY, v
1
i, H
1
iq,
where
(1) c1pH
1
iq “ σ ` pif , where pi “ di ` 1 " 0.
(2) v1i “ mpr, c1pH
1
iq, aiq.
Let ξ1i :“ c1pH
1
iq. Notice that pv
1
1
q2 “ pv1
2
q2 and they have the same
rank: hence |v1
1
| “ |v1
2
|, so by Lemma 2.30 a polarization is v1
1
´suitable
if and only if it is v1
2
´suitable. As pi " 0, by Lemma 2.30 we have
that H 1i is v
1
i´suitable for i “ 1, 2, hence H
1
1 and H
1
2 are in the same
chamber C. By Proposition 2.5 we then change to a common generic
polarization H P C, which is v1i´generic for i “ 1, 2.
As pv1
1
q2 “ pv1
2
q2, we have pξ1
1
q2 ´ 2ra1 “ pξ
1
2
q2 ´ 2ra2, and as
pξ1iq
2 “ pσ ` pifq
2 “ 2ppi ´ 1q,
we then get the equation
(10) p1 “ p2 ` rpa1 ´ a2q.
Letting l :“ a1 ´ a2 and F a fiber of the elliptic fibration, we get
v1
2
¨ chpOY plF qq “ mpr, σ ` p2f, a2q ¨ p1, lf, 0q “
“ mpr, σ ` p1f, a1q “ v
1
1
,
where the second equality follows from equation (10). By point (2) of
Lemma 2.20 we see that Mv1
1
pY,Hq »Mv1
2
pY,Hq, concluding the proof
for the moduli spaces.
To conclude the proof, suppose that S1 and S2 are both Abelian sur-
faces. Up to considering an e´tale cover of T1 and T2, the deformations
of pm, kq´triples along ∆, T1 and T2 induce flat deformations of Kv1
and Kv2 , so that Kvi is deformation equivalent to Kv1ipY,Hq.
As by point (2) of Lemma 2.20 the tensorization withOY plF q induces
an isomorphism between the fibers of the corresponding Yoshioka fi-
brations, we are done. 
Remark 2.32. In order to relate Mv1 and Mv2 (resp. M
s
v1
and Msv2 , or
similarly for the fibers of the Yoshioka fibration for Abelian surfaces) in
the previous proof, we only used deformations of pm, kq´triples along
a smooth, connected curve, and isomorphisms between moduli spaces
given by tensorization with a line bundle.
Remark 2.33. Lemma 2.31 remains true if we replace conditions (1)
and (2) with the three following conditions:
(1) r1 “ r2 “: r
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(2) gcdpr, ξ1q “ gcdpr, ξ2q “: g
(3) a1 ” a2 mod g.
The proof is exactly as before: we first deform pSi, vi, Hiq to an
pm, kq´triple pY, v1i, Hq, where Y and H are as in the proof of Lemma
2.31, and where v1i “ pr, gc1pH
1
iq, aiq (here again the H
1
i’s are as before).
The fact that pv11q
2 “ pv12q
2 gives the equation
gp1 “ gp2 ` r
1pa1 ´ a2q,
where r1 “ r{g (generalizing equation (10)). Writing a1 ´ a2 “ lg, a
simple calculation gives v1
2
¨ chpOY plF qq “ v
1
1
.
2.5.3. An intermediate result on Mukai vectors. The following numeri-
cal Lemma will allow us to compare moduli spaces of semistable sheaves
with different ranks on a K3 or Abelian surface whose Ne´ron-Severi
group has rank 1. Together with Lemmas 2.22, 2.24, 2.25 and 2.26 this
will allow us to show that moduli spaces of semistable sheaves with
different ranks are deformation equivalent.
Lemma 2.34. Let pS, v,Hq be an pm, kq´triple, where S is a projective
K3 or an Abelian surface such that NSpSq “ Z ¨ h, with h “ c1pHq.
Write v “ mpr, nh, aq, and suppose r ą 0. For every s P Z let
vs :“ v ¨ chpOSpsHqq “ mpr, nsh, asq.
(1) For every N P N there is s ą N such that ns " 0 and
gcdpns, asq “ 1.
(2) If n “ 1 and a “ 0, then for every N P N there is s ą N such
that ns " 0, gcdpns, asq “ 1 and as P 2kZ.
Proof. Write H2 “ 2l. It is easy to see that we have
(11) ns “ n` rs “ ns´1 ` r
and
(12) as “ a ` 2lns` rls
2 “ a` lns` lsns.
We let ras :“ a ` lns, so that as “ ras ` lsns. From this equality, it
follows that gcdpns, asq “ 1 if and only if gcdpns,rasq “ 1.
Now, we let
A :“
„
n r
a ln

,
which is a primitive element of M2pZq since gcdpr, n, aq “ 1. Moreover,
we have
(13) A ¨
„
1
s

“
„
nsras

.
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If p is a prime number dividing both ns and ras, viewing A as the matrix
representing a linear map f : pZ{pZq2 ÝÑ pZ{pZq2, by equation (13)
we see that f is not invertible, hence detpAq ” 0 mod p. We then
conclude that if p is a prime number dividing both ns and as, then p
divides detpAq. As detpAq “ k, we then see that any prime number
dividing both ns and as has to divide k.
We let tp1, ..., pdu be the prime factors of k. Suppose that s P N
is such that ns and as are not relatively prime, and let q be a prime
number dividing both ns and as, i. e. dividing both ns and ras. Then
there is j P t1, ..., du such that q “ pj.
Notice that as A is a primitive element in M2pZq, there is a linear
combination of the lines of A which is a primitive element of Z2, i. e.
there are b, c P Z such that the vector“
e f
‰
:“ b
“
n r
‰
` c
“
a ln
‰
is primitive in Z2.
As we are supposing ns and as to be divisible by pj for some j P
t1, ..., du, it follows that there is j P t1, ..., du such that
e` sf “ bn ` ca` spbr ` clnq “ bns ` cras ” 0 mod pj
so s has to satisfy one of the d congruences e ` sf ” 0 mod pj .
By the Chinese Remainder Theorem there is T P N which verifies
all these congruences. Moreover, the integers verifying at least one of
them are of the form T `m1p1 ` ¨ ¨ ¨ `mdpd for some m1, ..., md P Z.
Now, consider N P N, and suppose that s ą N is such that ns and
as are not relatively prime. It then follows that then
s P B :“ tT `m1p1 ` ¨ ¨ ¨ `mdpd ą N |m1, ..., md P Zu.
Now, notice that B is a proper subset of the set of integers bigger than
N : it follows that there s ą N such that ns and as are relatively prime,
concluding the proof of the first point of the statement.
For the second point, notice that if n “ 1 and a “ 0 (so that l “ k),
then equation (11) gives ns “ 1 ` rs, and equation (12) gives as “
2ls` rls2 “ 2ks` rks2. If s is a very big even integer, we then see that
ns " 0 and as P 2kZ. It only remains to prove that we can choose s to
be very big, even, and such that ns and as are relatively prime.
If p is a prime number dividing as and ns, as we saw before p has
to divide k. Letting s “ 2ks1 for some s1 P Z, then any prime dividing
k cannot divide ns “ 1 ` 2ks
1r, hence there can be no prime number
dividing both ns and as, and we are done. 
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2.5.4. The proof of Theorem 1.17. We now proceed with the proof of:
Theorem 1.17. Let m, k P N˚, and let pS1, v1, H1q and pS2, v2, H2q be
two pm, kq´triples.
(1) If S1 and S2 are both K3 surfaces or both Abelian surfaces, then
Mv1 and Mv2 are deformation equivalent, and the deformation
is locally trivial.
(2) If S1 and S2 are two Abelian surfaces, then Kv1 and Kv2 are
deformation equivalent, and the deformation is locally trivial.
Proof. The proof for K3 and for Abelian surfaces is formally the same.
Let pS, v,Hq be an pm, kq´triple, and write v “ mpr, ξ, aq. For every
l P N˚ we let Xl be a projective K3 or Abelian surface such that
NSpXlq “ Z ¨ hl, where hl “ c1pHlq and Hl is an ample divisor with
H2l “ 2l. Let ul :“ mp0, hl, 0q, where p0, hl, 0q is a primitive Mukai
vector on S of square 2l, so that pXl, ul, Hlq is an pm, lq´triple.
We show that MvpS,Hq is deformation equivalent to MukpXk, Hkq.
The equivalence is obtained using deformations of the moduli spaces
induced by deformations of the corresponding pm, kq´triple along
smooth, connected curves, and isomorphism between moduli spaces in-
duced by tensor products with line bundles, and by the Fourier-Mukai
transforms whose kernel is the ideal of the diagonal (for K3 surfaces)
or the Poincare´ bundle (for Abelian surfaces).
As the deformations we use are locally trivial (by Lemma 2.17), we
conclude that the deformation equivalence is locally trivial, so this will
conclude the proof of point (1) of the statement.
Moreover, since the Yoshioka fibration is preserved under tensoriza-
tion with line bundles (by Lemma 2.20) and by the Fourier-Mukai
transforms whose kernel is the Poincare´ bundle (by Lemmas 2.25 and
2.26), and since up to an e´tale cover the deformation of an pm, kq´triple
along a curve induces a locally trivial deformation of the fibers of the
Yoshioka fibration (by Lemmas 2.15 and 2.17), point (2) of the state-
ment is implied by point (1).
We divide the proof in several steps: in the first, we reduce to the case
r ą 0; in the second, we reduce to the case where r and ξ are relatively
prime; in the third we reduce to the case where r is a multiple of 2k;
the fourth step concludes the proof.
Step 1: reduction to r ą 0. Suppose first that v “ mp0, ξ, aq, where
ξ is effective. For d P Z, we let vd :“ vdH “ mp0, ξ, adq, where ad “
a ` dξ ¨ H . As ξ is effective and H is ample, we have ξ ¨ H ą 0: it
follows that if d " 0, then ad " 0. Moreover, we can suppose that H is
both vd´generic and rvd´generic.
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Now, by point (1) of Lemma 2.20 we have Mv » Mvd . As ad " 0,
by Lemma 2.24 we get Mvd » Mrvd . But rvd “ mpad, ξ, 0q and ad ą 0:
hence it is enough to show the theorem for Mukai vector of strictly
positive rank.
Step 2: reduction to r " 0 and prime with ξ. By Step 1, we suppose
r ą 0. By Lemma 2.28 and Proposition 2.5 we can then suppose
v “ mpr, ξ, aq with r ą 0, ξ “ gc1pHq (where g :“ gcdpr, ξq), and
H2 " 0. We let H2 “ 2l, and consider the pm, kq´triple pXl, v
1, Hlq
where v1 “ mpr, ghl, aq.
As the moduli spaces of polarized K3 or Abelian surfaces are con-
nected, the moduli spaces MvpS,Hq and Mv1pXl, Hlq are deformation
equivalent. Let now s P Z, and write v1s :“ v
1
sHl
“ mpr, gshl, asq:
by point (1) of Lemma 2.34 there is s P Z such that gs, as " 0 and
gcdpgs, asq “ 1. By point (1) of Lemma 2.20 we have Mv1 »Mv1s .
As gs " 0, by Lemma 2.22 we get Mv1s » Mrv1s . But since we haverv1s “ mpas, gshl, rq, gcdpas, gsq “ 1 and as " 0, we conclude that it is
sufficient to prove the theorem for Mukai vectors having rank r " 0
prime with the first Chern class.
Step 3: reduction to r P 2kZ, r " 0 and prime with ξ. By Step 2,
by deforming to a surface S 1 such that ρpS 1q ě 2, and by using Lemma
2.28, we can suppose v “ mpr, c1pHq, aq, and r " 0. We consider the
pm, kq´triple pXk, v
2, Hkq where v
2 “ mpr, hk, 0q. By Lemma 2.31 we
know that MvpS,Hq and Mv2pXk, Hkq are deformation equivalent.
Let now s P Z, and v2s :“ v
2
sHk
“ mpr, nshk, asq, where ns “ 1 ` rs
and as “ 2ks`rks
2. By point (2) of Lemma 2.34 we can choose s such
that ns " 0, as P 2kZ and gcdpns, asq “ 1. By point (1) of Lemma 2.20
we know that Mv2 »Mv2s .
Moreover, as ns " 0, by Lemma 2.22 we have Mv2s » Mrv2s . Butrv2s “ mpas, nshk, rq, and as P 2kZ. In conclusion, we just need to prove
the theorem for Mukai vectors having rank r " 0 which is prime with
the first Chern class, and which is a multiple of 2k.
Step 4: conclusion. By Step 3, we just need to consider an
pm, kq´triple pS, v,Hq where v “ mpr, ξ, aq, with r prime with ξ and
such that r “ 2kp for p " 0. We show that MvpS,Hq is deformation
equivalent to MukpXk, Hkq.
By Lemma 2.31 we know that MvpS,Hq is deformation equivalent
to Mv3pXk, Hkq, where v
3 “ mp2kp, hk, 0q. As p " 0, by Lemma 2.24
we have Mv3 » Mrv3 , where rv3 “ mp0, hk, 2kpq. But now notice thatrv3 ¨ chpOXkp´pHkqq “ uk, so by point (1) of Lemma 2.20 we have
Mrv3 »Muk , concluding the proof. 
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Remark 2.35. The proof of Theorem 1.17 is based on Theorem 4.4
of [23], asserting that if v “ mw, then Mv is nonempty and irreducible
as long as Mw in nonempty. This result is indeed used in the proof of
Lemmas 2.15, 2.22, 2.24, 2.25 and 2.26.
In the proof of all these Lemmas the use of Theorem 4.4 of [23] can be
avoided (see Remarks 2.16 and 2.27): by doing so, the proof of Theorem
1.17 then implies that if pS, v,Hq is an pm, kq´triple, then Mv ‰ H,
since it shows that it is deformation equivalent toMukpXk, Hkq, which is
nonempty (since the linear system |mHk| contains irreducible curves).
3. The moduli spaces are irreducible symplectic varieties
This section is devoted to the proof of Theorem 1.19: if pS, v,Hq is
an pm, kq´triple, then Mv and Kv are irreducible symplectic varieties.
To do so, we first show in section 3.1 that if S is a projective K3
surface, then Mv and M
s
v are simply connected. Similarly, if S is an
Abelian surface, then Kv and K
s
v are simply connected (with the ex-
ception of pm, kq “ p2, 1q, where Kv is still simply connected, but the
fundamental group of Ksv is Z{2Z).
This will allow us to show that the exterior algebra of reflexive forms
on any finite quasi-e´tale cover f : Y ÝÑ Mv (resp. f : Y ÝÑ Kv) is
generated by the reflexive pull-back of a symplectic form on Mv (resp.
onKv): this will be done in section 3.2, by showing that for a particular
pm, kq´triple pS, v,Hq there is a rational dominant map from from a
moduli spaceMu (resp. Ku) with primitive Mukai vector, to the moduli
space Mv (resp. Kv).
3.1. Simple connectedness. We first show in this section that the
moduli spaces Mv and M
s
v (resp. Kv and K
s
v) are simply connected.
We will divide the proof if this in two main parts: the first one is
devoted to the case of K3 surfaces; in the second we will consider
Abelian surfaces. In both cases, the proof has the same structure: we
first show the simple connectedness of the moduli space for a particular
pm, kq´triple, and then use Theorem 1.17 to conclude.
3.1.1. The case of K3 surfaces. Let X be a projective K3 surface with
PicpXq “ Z ¨OXpHq, where H is an ample divisor such that H
2 “ 2k.
We let h :“ c1pHq, and we choose m P N
˚.
We let V be the open subset of |mH | of smooth curves, and U the
open subset of |mH | of integral curves. For u “ mp0, h, 0q we will
consider the morphism pu : Mu ÝÑ |mH | sending a sheaf to its Fitting
subscheme (see Corollary 20.5 of [8], and [29]).
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First we show that the subset of reducible curves in |mH | is a divisor
if and only if m “ 2 and k “ 1:
Lemma 3.1. Let X be a K3 surface such that PicpXq “ Z¨H, where H
is an ample line bundle such that H2 “ 2k. Letm P N˚ and consider the
subset R Ď |mH | parameterizing reducible curves. If pm, kq ‰ p2, 1q,
then codim|mH|pRq ě 2.
Proof. As R parameterizes the reducible curves in the linear system
|mH |, we have
R “
ď
1ďm1,m2ďm,
m1`m2“m
|m1H | ˆ |m2H |.
As dimp|pH |q “ 1` kp2 for every p P N˚, we get
dimp|m1H | ˆ |m2H |q “ 2` kpm
2
1 `m
2
2q, dimp|mH |q “ 1` km
2,
so |m1H | ˆ |m2H | has codimension 2m1m2k ´ 1 in |mH |.
In order for R to have codimension 1 in |mH |, there must be 1 ď
m1, m2 ď m such that m1 `m2 “ m, and such that 2m1m2k ´ 1 “ 1.
Hence m1, m2, k “ 1, so that m “ 2 and k “ 1. Thus, if pm, kq ‰ p2, 1q
we get codim|mH|pRq ě 2. 
Now, let JV :“ p
´1
u pV q and JU :“ p
´1
u pUq, which are two open
subsets of Mu. We notice that if C P V , then F P p
´1
u pCq if and
only if there is L P PicpCq of degree m2k such that F “ j˚L, where
j : C ÝÑ X is the inclusion. In particular, we have an isomorphism3
p´1u pCq ÝÑ Pic
m2kpCq
obtained by mapping F “ j˚L to L.
Moreover, if C P U , then F P p´1u pCq if and only if F “ j˚L, where
j : C ÝÑ X is the inclusion, and L is a rank one torsion-free sheaf on
C of degree m2k, i. e. such that χpLq “ 0. We notice that all these
sheaves are H´stable of Mukai vector u, hence we have
JV Ď JU ĎM
s
u ĎMu.
We start by showing the following (the proof is a generalization of
the argument proposed in section 4 of [42]).
Proposition 3.2. The moduli spacesMu andM
s
u are simply connected.
Proof. If m “ 1, then Mu “ M
s
u: this is an irreducible symplectic
manifold, and we are done. For pm, kq “ p2, 1q, see section 4 of [42].
3Here and in what follows, if C is a smooth projective curve and d P Z, we let
PicdpCq be the set of line bundles of degree d on C.
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For m ě 2, notice that pX, u,Hq is an pm, kq´triple, hence Mu is a
normal, irreducible complex variety (by Theorem 4.4 of [23]). Since for
a normal projective variety the inclusion of an open subvariety induces
a surjection on the fundamental groups (see Proposition 2.10 of [26])
we have a surjective map π1pM
s
uq ÝÑ π1pMuq.
The chain of inclusions
JV
j
ãÑ JU ãÑM
s
u ãÑMu
of smooth open subvarieties of Mu given before induces then a chain of
surjections
π1pJV q
π1pjq
ÝÑ π1pJUq ÝÑ π1pM
s
uq ÝÑ π1pMuq.
We then just need to show that π1pjq is the trivial map.
To show this, notice that the homotopy exact sequence of the fibra-
tion pu|JV : JV ÝÑ V gives the exact sequence
π1pp
´1
u pCqq ÝÑ π1pJV q ÝÑ π1pV q ÝÑ t1u,
where C P V . As remarked above we have p´1pCq » Picm
2kpCq, hence
the exact sequence is
(14) π1pPic
m2kpCqq
jCÝÑ π1pJV q ÝÑ π1pV q ÝÑ t1u.
We start by proving the following:
Lemma 3.3. The morphism π1pjq ˝ jC : π1pPic
m2kpCqq ÝÑ π1pJUq is
trivial.
Proof. Let ℓ Ď |mH | be a generic line, and suppose it is generated by
two smooth curves intersecting transversally. By Lemma 3.1, we can
suppose that all the curves in ℓ are reduced and irreducible.
If π : rX ÝÑ X is the blow-up of X along the base locus Bspℓq of ℓ,
then rX is the total space of ℓ: this means that for every s P rX there
is a unique curve Cs of ℓ such that s P rCs, where rCs is the proper
transform of Cs. We have a natural fibration pℓ : rX ÝÑ ℓ mapping
s P rX to Cs.
We now define an embedding g : rX ÝÑ JU of fibrations over ℓ. First,
fix p P Bspℓq, and let d :“ 1 `m2k. Let s P rX : then πpsq P Cs, and
consider the rank one torsion-free sheaf Ls :“ Iπpsq bOCspdpq. Notice
that the degree of Ls ism
2k on Cs: if js : Cs ÝÑ X is the embedding of
Cs in X , we have js˚pLsq P JU , and we let gpsq :“ j˚Ls. The inclusion
MODULI SPACES OF SHEAVES ON K3 SURFACES 47
g then fits in a commutative diagram (where i is the inclusion)
rX gÝÝÝÑ JU
pℓ
§§đ §§đpu
ℓ ÝÝÝÑ
i
U
Notice that if t P ℓ is a generic point and C is the corresponding curve
in ℓ, then p´1ℓ ptq “
rC, the proper transform of C under the blow-up
map, while p´1u ptq » Pic
m2kpCq. The restriction gt : rC ÝÑ Picm2kpCq
of g to p´1ℓ ptq can be identified with the Abel-Jacobi map from C to
its Jacobian. It then induces a surjective morphism π1pgtq : π1p rCq ÝÑ
π1pPic
m2kpCqq.
Now, let C P ℓ be a smooth curve. We have a commutative diagram
rC gtÝÝÝÑ Picm2kpCq
i
§§đ §§đri
rX ÝÝÝÑ
g
JU
,
inducing a commutative diagram
π1p rCq π1pgtqÝÝÝÑ π1pPicm2kpCqq
π1piq
§§đ §§đπ1pjq ˝ jC
π1p rXq ÝÝÝÑ
π1pgq
π1pJUq
.
As π1p rXq “ t1u and the morphism π1pgtq is surjective, it follows that
π1pjq ˝ jC is trivial, thus concluding the proof. 
An immediate consequence of Lemma 3.3 is that the surjective mor-
phism π1pjq factors through a surjective morphism
π1pjq : π1pJV q{impjCq ÝÑ π1pJUq.
The exact sequence (14) gives an isomorphism between π1pV q and
π1pJV q{impjCq, hence we get a surjective map ι : π1pV q ÝÑ π1pJUq,
which is then trivial if and only if π1pjq is trivial: we then just need to
show that ι is trivial.
To do so, consider the generic line ℓ Ď |mH | of the proof of Lemma
3.3: all the curves parametrized by ℓ are reduced and irreducible, and
we can suppose that it is transversal to W :“ UzV , where ℓ XW :“
tx1, ..., xpu is given by smooth points of W .
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As ℓ is generic, by the Zariski Main Theorem (see Theorem 3.22 of
[54]), the inclusion of ℓzW in V gives a surjection π1pℓzW q ÝÑ π1pV q,
hence we finally get a surjective morphism ιℓ : π1pℓzW q ÝÑ π1pJUq,
and we just need to show that ιℓ is trivial. More precisely, if γ1, ¨ ¨ ¨ , γp
are the generators of π1pℓzW q, we need to show that ιℓpγiq is trivial.
Now, notice that the fibration pℓ : rX ÝÑ ℓ has a section σℓ (fixing
p P Bspℓq, we let σℓptq be the unique intersection between π
´1ppq and
p´1ℓ ptq). Hence every γi has a lifting rγi in π1p rXq, and by construction
its image in π1pJUq under π1pgq is ιℓpγiq. But as π1p rXq “ π1pXq (since
π : rX ÝÑ X is a blow-up) and as π1pXq is trivial (since X is K3), it
follows that ιℓpγiq “ 0. 
The main consequence of Proposition 3.2 is that the moduli spaces of
(semi)stable sheaves associated to pm, kq´triples are simply connected:
Theorem 3.4. Let pS, v,Hq be an pm, kq´triple where S is a projective
K3 surface. Then Mv and M
s
v are simply connected.
Proof. For m “ 1, we have Mv “M
s
v : this is an irreducible symplectic
manifold, and we are done.
Fix now m ě 2 and k ě 1. By point (1) of Theorem 1.17, the
moduli spaces arising from pm, kq´triples on K3 surfaces are all defor-
mation equivalent. As this deformation equivalence is obtained using
only isomorphism of moduli spaces (coming from Fourier-Mukai trans-
forms) and deformations of the moduli spaces induced by deformations
of pm, kq´triples, by point (1) of Lemma 2.18 these deformation equiv-
alent moduli spaces are also homeomorphic.
It is then enough to prove that MvpS,Hq is simply connected for
one pm, kq´triple pS, v,Hq. By Proposition 3.2, this holds for the
pm, kq´triple pX, u,Hq, and we are done. 
3.1.2. The case of Abelian surfaces. Let A be an Abelian surface with
NSpAq “ Z ¨ h, where h “ c1pHq and H is an ample divisor such that
H2 “ 2k. We let h :“ c1pHq, m P N and u :“ mp0, h, 0q.
Let YmH be the Hilbert scheme of curves on A which are deformation
of curves in |mH |, and let pu : Mu ÝÑ YmH be the morphism mapping
a sheaf to its Fitting subscheme. We moreover let pKu : Ku ÝÑ |mH |
be the restriction of pu to Ku.
First we show that the subset of reducible curves in |mH | is a divisor
if and only if m “ 2 and k “ 1:
Lemma 3.5. Let A be an Abelian surface such that NSpAq “ Z ¨ h,
where h “ c1pHq and H is an ample line bundle such that H
2 “ 2k.
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Let m P N˚ and consider the subset R Ď |mH | parameterizing reducible
curves. If pm, kq ‰ p2, 1q, then codim|mH|pRq ě 2.
Proof. If C P |mH | is reducible, there are L P pS, m1, m2 P N˚ such that
m “ m1 `m2, and two curves C1 P |m1H ` L| and C2 P |m2H ´ L|
such that C “ C1 ` C2. It follows that
R “
ď
1ďm1,m2ďm,
m1`m2“m
ź
LPpS
|m1H ` L| ˆ |m2H ´ L|.
Notice that dimp|mH |q “ km2 ´ 1 and
dimp|m1H ` L| ˆ |m2H ´ L|q “ kpm
2
1
`m2
2
q ´ 2,
so
dim
ˆź
LPpS
|m1H ` L| ˆ |m2H ´ L|
˙
“ kpm21 `m
2
2q.
The codimension of
ś
LPpS |m1H `L| ˆ |m2H ´L| is then 2km1m2 ´ 1
in |mH |.
In order for R to have codimension 1 in |mH |, there must be 1 ď
m1, m2 ď m such that m1 `m2 “ m, and such that 2m1m2k ´ 1 “ 1.
Hence m1, m2, k “ 1, so that m “ 2 and k “ 1. Thus, if pm, kq ‰ p2, 1q
we get codim|mH|pRq ě 2. 
We now prove the following, giving the simple connectedness of Kv
and Ksv for particular pm, kq´triples.
Proposition 3.6. If pm, kq ‰ p2, 1q, then Ku and K
s
u are simply con-
nected.
Proof. If m “ 1, then Ku “ K
s
u, and this is either a point (if k “ 1) or
an irreducible symplectic manifold (if k ą 1), and we are done.
For m ě 2, notice that pA, u,Hq is an pm, kq´triple, hence Ku is a
normal, irreducible complex variety (see Remark A.1 of [46]). As a con-
sequence we have a surjective map π1pK
s
uq ÝÑ π1pKuq (see Proposition
2.10 of [26]): it will be sufficient to prove that Ksu is simply connected.
To show this, let pKu|Ksu : K
s
u ÝÑ |mH | be the restriction of p
K
u to
Ksu. By the Theorem in section 1.1, Part II of [14], the fundamental
group of a smooth connected variety admitting a dominant mapping
to PN (for some N) is generated by the fundamental group of the
inverse image of a generic line in PN . As a consequence, if ℓ Ď |mH |
is a generic line and K0 :“ ppKu|Ksuq
´1pℓq Ď Ksu, we have a surjective
morphism π1pK
0q ÝÑ π1pK
s
uq. It is then enough to show that K
0 is
simply connected.
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As ℓ is generic in |mH |, by Bertini’s Theorem we know that K0 is
smooth. Moreover, by Lemma 3.5 all the curves parameterized by ℓ
are reduced and irreducible. It then follows that K0 “ ppKu q
´1pℓq.
To show that K0 is simply connected, we show that K0 is a fiber of
an isotrivial fibration, and then use the homotopy exact sequence of
this fibration to conclude. The domain of this isotrivial fibration will
be M0 :“ p´1u pℓq (which is a subset of Mu), that will be identified with
the relative compactified Jacobian of ℓ. By construction, there is an
inclusion f : K0 ÝÑM0 fitting in a commutative diagram
K0
f
ÝÝÝÑ M0
p0K
§§đ §§đp0
ℓ ÝÝÝÑ
idℓ
ℓ
where p0K is the restriction of p
K
u to K
0, and p0 is the restriction of pu
to M0.
We now let σ : M0 ÝÑ A be the restriction to M0 of the map
β : Mu ÝÑ A defined in section 2.2, mapping a sheaf F to the Albanese
image of c2pFq. As the determinant of F P M
0 is represented by the
Fitting subscheme of F , which is a divisor in |mH |, by Lemma 2.10 we
have
K0 “M0 XKu “M
0 X b´1u p0A,OAq “ σ
´1p0Aq,
where bu : Mu ÝÑ A ˆ pA is the O’Grady fibration of Mu defined in
section 2.2.
Next, we claim that σ : M0 ÝÑ A is an isotrivial fibration. Indeed,
if L P Pic0pAq is represented by a divisor D, and δ is a 0´cycle of
degree 0 on A representing mH ¨ D in the Chow ring of A, then the
tensorization with L induces an automorphism of Mu mapping K
0 to
σ´1pδq. It follows that the connected algebraic group Pic0pAq acts
transitively on the fibers of the projective morphism σ: this implies
that σ is an isotrivial fibration.
Finally, notice that K0 is connected. Indeed, it is the inverse image,
under the dominant map pKu : Ku ÝÑ |mH |, of a linear space of the
projective space |mH |: by Theorem 1.1 of [13], it follows that K0 is
connected.
To resume, we have an isotrivial fibration σ : M0 ÝÑ A, and K0
is one of the fibers. The homotopy exact sequence associated to this
fibration gives then
π2pAq ÝÑ π1pK
0q
π1pfq
ÝÑ π1pM
0q
π1pσq
ÝÑ π1pAq ÝÑ t1u,
MODULI SPACES OF SHEAVES ON K3 SURFACES 51
where the last term comes from the fact that K0 is connected. As A
is an Abelian surface, we have π2pAq “ t1u, hence in order to show
that K0 is simply connected, we just need to prove that the morphism
π1pσq : π1pM
0q ÝÑ π1pAq is injective.
To do so, suppose that ℓ is generated by two smooth curves inter-
secting transversally at a finite number of points. Let Bspℓq be the
base locus of ℓ, and π : rA ÝÑ A the blow-up of A along Bspℓq.
The surface rA is the total space of ℓ: for every a P rA there is a unique
curve Ca P ℓ such that a P rCa, where rCa is the proper transform of Ca
under π. We then have a fibration pℓ : rA ÝÑ ℓ, mapping a P rA to the
point of ℓ corresponding to Ca.
There is a natural morphism g : rA ÝÑ M0 of fibrations over ℓ
obtained as follows: first, choose p P Bspℓq, and let d :“ m2k ` 1. For
every a P rA, the rank 1 torsion-free sheaf Igpaq b OCapdpq has degree
m2k. We then let gpaq :“ Igpaq b OCapdpq, so to have a commutative
diagram rA gÝÝÝÑ M0
pℓ
§§đ §§đp0
ℓ ÝÝÝÑ
idℓ
ℓ
If t P ℓ is a generic point, the curve C corresponding to t is smooth,
p´1ℓ ptq “
rC and pp0q´1ptq » Picm2kpCq. Let p1, ¨ ¨ ¨ , pn P ℓ be the
points corresponding to singular curves. The fundamental group of
M0 is generated by π1pPic
m2kpCqq and by liftings rγ1, ¨ ¨ ¨ , rγn of the
generators γ1, ¨ ¨ ¨ , γn of π1pℓztp1, ¨ ¨ ¨ , pnuq.
Moreover, the morphism gt : rC ÝÑ Picm2kpCq given by the restric-
tion of g to p´1ℓ ptq can be identified to the Abel-Jacobi map from C to its
Jacobian: it then induces a surjective map π1p rCq ÝÑ π1pPicm2kpCqq.
As rC Ď rA, it follows that π1pM0q is generated by π1p rAq and by therγ1, ¨ ¨ ¨ , rγn. Now, notice that the fibration pℓ : rA ÝÑ ℓ has a section:
fixing p P Bspℓq, this section is obtained by mapping t P ℓ to the unique
intersection point of π´1ppq and p´1ℓ ptq.
We can then choose the liftings rγ1, ¨ ¨ ¨ , rγn to be in the image of π1p rAq
in π1pM
0q. As σ ˝ g : rA ÝÑ A induces an isomorphism between π1p rAq
and π1pAq, this concludes the proof. 
Theorem 1.17 allows us to generalize Proposition 3.6 to
all pm, kq´triples over Abelian surfaces (with the exception of
p2, 1q´triples).
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Theorem 3.7. Let pS, v,Hq be an pm, kq´triple where S is an Abelian
surface.
(1) If pm, kq ‰ p2, 1q, then Kv and K
s
v are simply connected.
(2) If pm, kq “ p2, 1q, then Kv is simply connected, and π1pK
s
vq “
Z{2Z.
Proof. For m “ 1, we have Kv “ K
s
v , which is either a point (if k “ 1)
or an irreducible symplectic manifold (if k ě 2): the statement is then
clear in this case.
Fix nowm ě 2 and k ě 1, and suppose that pm, kq ‰ p2, 1q. By point
(2) of Theorem 1.17, the fibers of the Yoshioka fibration of the moduli
spaces arising from pm, kq´triples on Abelian surfaces are all defor-
mation equivalent. As this deformation equivalence is obtained using
only isomorphism of moduli spaces (coming from Fourier-Mukai trans-
forms) and deformations of the moduli spaces induced by deformations
of pm, kq´triples, by point (2) of Lemma 2.18 the homeomorphism type
of Kmw only depends on m and k “ w
2{2.
It is then enough to find one particular pm, kq´triple pS, v,Hq for
which Kv and K
s
v are simply connected. By Proposition 3.6, this holds
for the pm, kq´triple pA, u,Hq, so we are done in this case.
If pm, kq “ p2, 1q, then Kv admits a symplectic resolution rKv, which
is an irreducible symplectic manifold by point (2) of Theorem 1.6 in
[45]. As Kv has canonical singularities, by [52] we have π1pKvq “
π1p rKvq: it follows that Kv is simply connected.
By Theorem 4.2 and Proposition 5.3 of [32], we know that Ksv has
a 2 : 1 e´tale cover from an open subset U of an irreducible symplectic
manifold Y which is deformation equivalent to a Hilbert scheme of 3
points on a K3 surface. This open subset U is obtained by removing
from Y 256 copies of P3 and one copy of a desingularization of the sin-
gular locus of Kv. It follows that the complement of U has codimension
at least 2 in Y , so that π1pUq “ π1pY q “ t1u. It then follows that the
fundamental group of Ksv is Z{2Z. 
Recall that ifX is a normal projective variety having at most rational
singularities, it is possible to define the Albanese variety AlbpXq as the
Albanese variety of any desingularization rX of X , and the construct
the Albanese morphism alb : X ÝÑ AlbpXq by descending the usual
Albanese morphism of rX (see Proposition 2.3 of [50], and Lemma 8.1
of [24]).
As a consequence of Theorem 3.7, we show in the next result that
the Yoshioka fibration is the Albanese morphism of the moduli space
Mv.
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Corollary 3.8. Let pS, v,Hq be an pm, kq´triple where S is an Abelian
surface. The morphism av : Mv ÝÑ S ˆ pS is the Albanese morphism
of Mv.
Proof. For m “ 1, the map av is the Albanese map by point (1) of
Theorem 0.1 in [56]. We then suppose m ě 2.
We begin by considering pm, kq “ p2, 1q, in which case we know
by The´ore`me 1.1 of [30] that Mv admits a symplectic resolution of
the singularities π : ĂM ÝÑ Mv, which is obtained by blowing up the
singular locus Σ with reduced structure.
Now, for every pp, Lq P Sˆ pS the fiber Kp,L :“ a´1v pp, Lq is a singular
symplectic variety whose singular locus is Σp,L :“ ΣXKp,L, and rKp,L :“
π´1pKp,Lq is the symplectic resolution of Kp,L, which is an irreducible
symplectic manifold by point (2) of Theorem 1.6 of [45]. It follows that
av ˝ π : ĂM ÝÑ S ˆ pS
is the Albanese morphism of ĂM , so that av : Mv ÝÑ S ˆ pS is the
Albanese morphism of Mv.
Let us now finally consider the case pm, kq ‰ p2, 1q, and m ě 2. Let
π : ĂM ÝÑ Mv be a desingularization of Mv, where ĂM is a smooth
projective variety. The inclusion j : Msv ÝÑ ĂM induces a surjective
morphism π1pjq : π1pM
s
v q ÝÑ π1pĂMq. If we now let asv : Msv ÝÑ S ˆ pS
be the restriction of av to M
s
v , then a
s
v is an isotrivial fibration whose
fibers are all isomorphic to Ksv .
AsKsv is simply connected (since pm, kq ‰ p2, 1q, by the previous part
of the proof), it follows that all the fibers of asv are simply connected,
hence it induces an isomorphism π1pa
s
vq : π1pM
s
v q ÝÑ π1pS ˆ pSq.
Now, notice that av ˝ π ˝ j “ a
s
v, hence π1pjq is injective, and hence
an isomorphism. But this implies that π1pav ˝ πq is an isomorphism,
so that av ˝ π : ĂM ÝÑ S ˆ pS is the Albanese morphism for ĂM . It
then follows that av : Mv ÝÑ S ˆ pS is the Albanese morphism of Mv,
concluding the proof. 
3.2. The proof of Theorem 1.19. We are finally in the position to
show Theorem 1.19, i. e. that Mv and Kv are irreducible symplectic
varieties. Before doing this, we calculate the dimension of the space of
reflexive p´forms for particular pm, kq´triples.
Lemma 3.9. Let pS, v,Hq be an pm, kq´triple, and suppose that
NSpSq “ Z ¨ h and v “ mp0, h, 0q, where h :“ c1pHq.
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(1) If S is K3 and p P N is such that 0 ď p ď 2m2k ` 2, then
h0pMv,Ω
rps
Mv
q “
"
1 p is even
0 p is odd
(2) If S is Abelian and p P N is such that 0 ď p ď 2m2k ´ 2, then
h0pKv,Ω
rps
Kv
q “
"
1 p is even
0 p is odd
Proof. Suppose first that S is K3. We let u :“ p0, mh, 1´m2kq, which
is a primitive Mukai vector on S.
If C P |mH | is an integral curve and j : C ÝÑ S is the inclusion, for
every L P Pic1pCq the sheaf j˚L is H´stable of Mukai vector u. The
sheaves of this type form an open subset U of Mu.
Moreover, if L P Pic1pCq then Lbm
2k P Picm
2kpCq, hence j˚pL
bm2kq
is an H´stable sheaf of Mukai vector v. We then have a rational map
g : Mu 99KMv, gpj˚Lq :“ j˚L
bm2k.
We first show that g is dominant. To do so, consider the two fibra-
tions pu : Mu ÝÑ |mH | and pv : Mv ÝÑ |mH | sending a sheaf to its
Fitting subscheme. If C P |mH | is smooth, we have p´1u pCq » Pic
1pCq
and p´1v pCq » Pic
m2kpCq, hence p´1u pCq, p
´1
v pCq » Pic
0pCq.
The restriction of g to p´1u pCq is the multiplication by m
2k on
Pic1pCq, hence it is surjective. This shows that if V Ď |mH | is the open
subset of smooth curves, then g sends p´1u pV q surjectively to p
´1
v pV q.
As Mu and Mv are two projective varieties which are both irreducible
and of the same dimension, it follows that g is dominant.
Now, notice that as Mv has canonical singularities, by Theorem 1.4
of [16] for every p we have
h0pMv,Ω
rps
Mv
q “ h0pĂMv,ΩpĂMvq,
where ĂMv is a resolution of the singularities of Mv. As g is dominant,
we get h0pĂMv,ΩrpsĂMvq ď h0pMu,ΩpMuq for every p.
Now, since u is primitive we know that Mu is an irreducible sym-
plectic manifold, hence h0pMu,Ω
p
Mu
q “ 1 if p is even and 0 otherwise,
so that h0pMv,Ω
rps
Mv
q “ 0 if p is odd, and h0pMv,Ω
rps
Mv
q ď 1 if p is even.
Since h0pMv,Ω
rps
Mv
q ě 1 if p is even as Mv is a symplectic variety, we
are done.
If now S is Abelian, the proof is exactly the same, but replacing Mv
with Kv and Mu with Ku. 
We now prove the following:
MODULI SPACES OF SHEAVES ON K3 SURFACES 55
Theorem 1.19. Let m, k P N˚ and pS, v,Hq an pm, kq´triple.
(1) If S is K3, then Mv is an irreducible symplectic variety.
(2) If S is Abelian and pm, kq ‰ p1, 1q, then Kv is an irreducible
symplectic variety.
Proof. We begin by considering S to be a K3 surface. If m “ 1, then
Mv is an irreducible symplectic manifold by Theorem 0.1 of [55].
If m ě 2, then Mv is a symplectic variety, and let σ be a symplectic
form on it. We have to show that if f : Y ÝÑMv is a finite quasi-e´tale
morphism, then the exterior algebra of reflexive forms on Y is spanned
by f r˚sσ.
Let then f : Y ÝÑ Mv be a finite quasi-e´tale cover, which then in-
duces a finite quasi-e´tale cover ofMsv . As a finite quasi-e´tale morphism
of a smooth variety is e´tale, and asMsv is simply connected by Theorem
3.4, it follows that f is an isomorphism.
We then just need to show that the exterior algebra of reflexive forms
on Mv if spanned by σ. This follows if we show that h
0pMv,Ω
rps
Mv
q “ 1
if p is even, and h0pMv,Ω
rps
Mv
q “ 0 if p is odd.
For this, let S 1 be a projective K3 surface with PicpS 1q “ Z¨H 1, where
H 1 is an ample line bundle with pH 1q2 “ 2k, and let v1 :“ mp0, h1, 0q,
where h1 “ c1pH
1q. Then pS 1, v1, H 1q is an pm, kq´triple, and by Lemma
3.9 we have h0pMv1 ,Ω
rps
Mv1
q “ 1 if p is even, and h0pMv1 ,Ω
rps
Mv1
q “ 0 if p
is odd.
By Theorem 1.17 Mv and Mv1 are deformation equivalent, and the
deformation is locally trivial. It follows that they have resolutionsĂMv and ĂMv1 of the singularities which are smooth and deformation
equivalent as smooth varieties. In particular, their Hodge numbers are
equal. By Theorem 1.4 of [16] we then have
h0pMv,Ω
r2s
Mv
q “ h0pĂMv,Ω2ĂMvq “ h0pĂMv1 ,Ω2ĂMv1 q “ h0pMv1 ,Ωr2sMv1 q,
and we are done.
If S is an Abelian surface, the proof is identical if pm, kq ‰ p2, 1q,
replacing Mv with Kv, Mv1 by Kv1 , and using point (1) of Theorem
3.7 instead of Theorem 3.4. The case pm, kq “ p2, 1q has to be treated
differently.
If pm, kq “ p2, 1q, by point (2) of Theorem 3.7 we have π1pK
s
vq “
Z{2Z, hence Kv has only two possible finite quasi-e´tale covers (up to
isomorphism): one is Kv itself, and the other will be denoted Yv. We
need to show that the exterior algebra of reflexive forms on Kv and Yv
are spanned by the reflexive pull-back of a symplectic form on Kv. To
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do so, it will be enough to show that both Kv and Yv are birational to
an irreducible symplectic manifold.
For Kv, by point (2) of Theorem 1.6 in [45] we know that Kv has a
symplectic resolution which is an irreducible symplectic manifold (de-
formation equivalent to OG6). For Yv, by Proposition 5.3 of [32] we
know that it is birational to an irreducible symplectic manifold (defor-
mation equivalent to Hilb3pK3q). This concludes the proof. 
We conclude with the proof of the following:
Theorem 1.23. Let m, k P N˚ and pS, v,Hq an pm, kq´triple.
(1) If S is K3, on H2pMv,Zq there is a nondegenerate integral qua-
dratic form of signature p3, b2pMvq ´ 3q and a compatible pure
weight-two Hodge structure.
(2) If S is Abelian and pm, kq ‰ p1, 1q, on H2pKv,Zq there is a
nondegenerate integral quadratic form of signature p3, b2pKvq ´
3q and a compatible pure weight-two Hodge structure.
Proof. We give a proof only for K3 surfaces: the proof for Abelian
surfaces is exactly the same, replacingMv with Kv. Ifm “ 1, this holds
sinceMv is an irreducible symplectic manifold. For pm, kq “ p2, 1q, this
is Theorem 1.7 of [45].
For all other cases, Mv is an irreducible symplectic variety by point
(1) of Theorem 1.19, hence Namikawa symplectic by Proposition 1.10.
Its singular locus has codimension at least 4, and by [23] it is locally
factorial.
By point (2) of Theorem 8 in [38] on H2pMv,Rq there is then a qua-
dratic form q, which is nondegenerate and has the prescribed signature
by Corollary 8 of [39]. The integrality and the compatibility are proved
as in the smooth case (see [2]). 
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